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We calculate the f-mode frequency of quark stars using the full general relativity method, and evaluate the
tidal overlap with an analogy method incorporating effective general relativistic corrections. We verify the
universal relations obtained from conventional neutron stars in the case of quark stars, including the fM; ,—A
and QR /M-A relations, and explore the cases with different values of parameters of the quark star equation

of state. Since quark stars have significantly smaller radii compared to neutron stars in the low-mass range, the
@ ¢ R—A relation differs between neutron stars and quark stars. This difference has an impact on the dynamical
tide, which is the lowest-order effect we know of that can distinguish quark stars and neutron stars from the
gravitational wave during the inspiral phase. We calculate the tidal dephasing caused by this effect using the
post-Newtonian method and estimate that 34:12 events for the Einstein Telescope and 10f65 events for Cosmic
Explorer are required to distinguish between quark stars and neutron stars at the population level.
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I. INTRODUCTION

The state of cold matter at supranuclear densities is one
of the most compelling problems in nuclear physics and
astrophysics. Although reliable calculations are feasible at
ultrahigh densities (=10 times the nuclear saturation
density), which likely are irrelevant to any astrophysical
systems, ab initio calculations become notoriously difficult
once the density drops below a few tens of times the nuclear
saturation value, because quantum chromodynamics is
strongly nonperturbative there. Neutron stars (NSs) offer
a unique avenue for probing the equation of state (EoS) of
matter in this regime, precisely where theory struggles most
and inaccessible to laboratory experiments. The phenom-
enology of them thus constitutes the primary pathway to
uncover the fundamental physics at this density regime
(such as the appearance of exotic particles and the feature
of possible phase transition), and to guide the development
of nuclear theory.

In particular, the binary neutron star (BNS) merger event
GW170817 [1] significantly improves our knowledge of
EoS of cold matter, based on the tidal deformability
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inferred from the gravitational wave (GW) signal in the
inspiral phase [2,3] as well as the accompanied postmerger
electromagnetic counterparts [4], which cover a gamma-ray
burst, x-ray afterglow, kilonova, and late-time optical
emission. The launch of these electromagnetic emissions
indicates a hypermassive NS was momentarily formed after
the merger, which sheds certain light on the maximum mass
of a cold nonrotating NS [5-9].

During the late inspiral stage of a BNS merger, the
influence of EoS is mainly imprinted in the GW signal via
finite-size effects. The leading-order contribution to the GW
phasing from these effects is described by the tidal deform-
ability [10—13]. The next order of (conservative) tidal effects
stems from the dynamical tide to be interpreted as the
frequency-dependent part of the tidal response. A popular
way to model dynamical tides is through decomposing the
excited perturbations as a sum of oscillation modes of NSs
[14-16]. This interpretation has been extensively analyzed
and incorporated into the SEOBNRT waveform models
[17-20] and the FMTIDAL model [21], while we note that
there are other state-of-the-art analytic waveform models
that do not count on the mode-sum approach to solve for the
dynamical patch of tidal dephasing known as the TEOB
family [22-27]. In addition, phenomenological models

© 2026 American Physical Society
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calibrated from numerical relativity waveforms are also
available and powerful in fast production of precise wave-
form templates for data analysis, such as NRTidal [28-31],
the one proposed in [32], and PhenomGSF [33]. The
signature of these dynamical tides could be relevant for
future detectors, especially for the next-generation infra-
structures [34—-37], namely, Einstein Telescope (ET [38—42])
and Cosmic Explorer (CE [43-45]).

The effects of the static and dynamical tides are already
minor compared to the contribution from bulk properties,
such as the chirp mass, and it is naturally difficult to
disentangle contributions from them in given GW data.
Nevertheless, considering both effects would enable much
tighter constraints on the EoS, as the dynamical tide carries
additional information beyond the tidal deformability, for
instance, it reflects the radius of stars, which differs sub-
stantially between NSs and quark stars (QSs). Realizing this
potential requires precise modeling of tidal dephasing
throughout the inspiral, which can only be possible based
on accurate knowledge of the stationary and dynamical
aspects of tidal effects. From the perspective of decomposing
dynamical tides into oscillation modes (see [46,47] for the
recent elucidation), we then need a prudent determination of
the stellar oscillation spectrum.

There are many classes of quasinormal modes for
compact stars [48,49], such as acoustic modes, gravity
(g-)modes for an interior that is stratified [S0-55] or
possesses discontinuity [56,57], and interfacial and shear
modes if a crust is present [58—64] (see the review [65] for
more comprehensive categories). In the acoustic class, the
fundamental mode, which has no radial node, is dubbed as
f-mode, while its overtones are collectively named as
pressure (p-)modes. The ability of exciting each oscillation
mode by tidal field is characterized by the so-called tidal
overlap quantity, which essentially describes how similar it
is between the oscillation mode and the tidal field, in terms
of matter distribution and frequency [14,66]. Among these
modes, the tidally driven f-mode is expected to have the
most significant impact on the inspiral GW because the
coupling strength to the tidal field of it dominates over
those of other modes [52,64,67-72].

Previous studies have identified several nearly EoS-
independent (universal) relations linking the tidal deform-
ability of NSs to other properties, such as the moment of
inertia and quadrupole moment, compactness (the ratio of
stellar mass to radius), and the frequencies of certain
oscillation modes [73-75]. Most of these relations also
hold for QSs [76,77], albeit QSs have very different mass-
radius relations [78]. Although the compactness relation
differs for QSs [79], this difference does not directly affect
the gravitational wave waveform. Universal relations can
reduce the number of tidal parameters to be estimated,
improving the accuracy of parameter extraction from GW
signals [80]. However, the fact that these relations hold for
both NSs and QSs implies that static tidal effects in the

inspiral are insufficient to distinguish the two, even if their
radii and compactness differ significantly at fixed mass and
tidal deformability.

This degeneracy may be lifted when dynamical tide
effects are included in the analysis: QSs possess a finite
surface density and a markedly different internal density
profile compared to NSs, and, as a consequence, the
universal relations concerning the stellar oscillation spec-
trum are expected to exhibit different behavior. To the
leading order, three variables prove sufficient to specify the
Hamiltonian governing the leading-order dynamical tidal
effects. Namely, RQ /M, R, and the tidal deformability
for NSs, where M and R are the mass and radius of the star,
Oy is the tidal overlap, and wy is the f-mode frequency. It
has been shown in Ref. [81] that universal relations exist
between them for NSs. Given the considerable difference in
QSs’ radii, we aim to assess the extent to which universal
relations involving the radius are violated for QSs. We then
estimate the impacts of this violation on the inspiral GW
signals for canonical cases. It is found that the relation
between w;R and the tidal deformability has an approx-
imately 20% violation for QSs. While the associated
signatures on the waveforms are not discernible to current
detectors, they may be picked up by the ET and CE.

The paper is organized as follows: the calculation of the
f-mode frequencies and the tidal overlap in full general
relativity is introduced in Sec. II. In Sec. III, we refit the
universal relations from the data of NSs and QSs. In Sec. IV,
we calculate the GW delta phase of QSs and NSs, and show
their difference caused by the difference in the dynamical
tide. In Sec. V, we consider the detectability of this difference
in phase between NSs and QSs by calculating the mismatch
and signal-to-noise ratio (SNR). We present our conclusions
in Sec. VI, where we also discuss the effect of spin of the star
on the tidal dephasing.

II. OSCILLATION FREQUENCIES
AND TIDAL OVERLAP

In this work, the oscillation of the star is calculated in full
general relativity, which means both the linear perturba-
tions of the matter and those of the metric are considered.
For the ease of solving the quasinormal mode spectrum, we
adopt the Regge-Wheeler gauge [82] to describe the
perturbations as

ds? = —e*") (1 4+ r“Hy(r)e'Y y (. 0) ) c*d1?
+ (1 = r’Hy(r)e'Y 4, (¢, 0))dr?
+ (1 = K(r)e' Y 4, (¢, 0)) r*dQ?
— 2iwr’ ™ H, (r)e' ™'Y 4, (¢, 6)drdr, (1)
where H, H{, and K are the metric perturbation functions.

The system’s dependence on the solid angle is described by
the spherical harmonics, and it modulates with time in a
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harmonic manner dictated by the oscillation frequency
w(~e'™"). The other terms depend only on the radius. It is
worthwhile to note that these perturbations describe even-
parity modes, to which we restrict ourselves in the present
study since odd-parity ones are (i) largely immune to tidal
force and no sizable excitation would be resulted, and
(i1) do not feature noticeable variation in the mass density
and thus are not effective GW emitters.

The Lagrangian displacement vector is used to describe
the perturbation of fluid. The dependence of the compo-
nents in each direction is expressed in terms of spherical
harmonics as [83,84]

fr — rf—le—ﬁ/Zw(r)Yzeiwt’

é:t‘) — —rf_z\/(r)agYﬁ;e""”,
rf—Z

g =—-

I 4 9 Yf iwt, 2

sm29 (I") ¢ m€ ( )
where W and V are the fluid displacement functions, which
depend only on the radius, similar to the metric perturbation
functions. For the convenience of calculations, we intro-
duce X defined through [83,84]

2
ve | X P gy Ho e
e+p r 2 | &

(3)

From the (0,1) component of the Einstein equation, we
have another algebraic relation,

Hy = {8ar?e™*X — [(n +

+[n—a?r’e™ —

)Q 02 —(u+/1)]H1
0(Qe* = 1)]K}(2b +n+ Q)
(4)

where n = (£ -1)(¢+2)/2, Q =b+4zGr’p/c*, and
b = Gm/(rc?), with m(r) being the total mass for the
matter enclosed within the radius r.

From the other components of the Einstein equation, the

first-order, homogeneous linear differential equations are
derived [84],

dH 1
—L — [/ +1+2be* + dartet(p —€)|H,
dr r
o
+7[HO+K—16zz(e+p)V],
dK 1 1
—=—-Hy+ - HH
dr r 0—’—r(n—i— JH

1 8
[P0 — €= 1K =2 (e + p)eW,
r r

d_W_ £+ 1
dr r

[W + £e*/?V)

H
+ re/? 2e“’/2+70+K . (5)

(e+p)cs

ax f e+p 4(n+1)e'Q
o u/2 A _ _ o\ rm =
dr Xt 2r {(36 0-1k r? v

p
+(1=e*Q)Hy + (FPw*e™ +n+ 1)H,

[ 20> — 8r(e + p)et?

!

where ¢, is the sound speed in neutron or quark matter,
neglecting the change of chemical composition, and ¢? =
dp/de is assumed [85]. In this paper, we focus on modes
with £ = 2, as these modes are subject to the leading-order
tidal interaction that stems from the quadrupole moment of
the tidal field (e.g., [86]).

Quasinormal modes are solutions to the linearized
equations that obey certain and boundary conditions at
the stellar center and surface, and have a pure outgoing
behavior at spatial infinity. In particular, considering the
solution of the even-parity, the first-order derivatives of
H,, K, W, and X should be zero at r = 0, yielding the
algebraic relations

X(0) = (g9 + po)er’?
T w2
X { [% (e0 +3po) — 7e‘”0} w(0) + @}
H,(0) = £K(0) + 87(eo + po)W(0) o

n+1

They also need to satisfy the condition that the Lagrangian
variation of pressure at the surface of the stars Ap =
—rfe™2XY? e vanishes [i.e., X(R) = 0]. In addition,
we fix W(0) = 1 without loss of generality. In order to
satisfy the outer boundary condition, two trial solutions
are solved with K,;(0)=¢y,+py and K,(0)=
—(&y + po), and then we calculate K(0) via

where the different subscript represents the different trial
solution [85].

To find the frequencies of the quasinormal modes, one
also needs to solve the metric perturbations outside the
star. There is no matter outside the star (i.e., W = X = 0),
so the Zerilli equation for the perturbations of the metric
(K and H,),

&#Z/dr? = [V4(r) - ]2, ©)

is used to calculate the exterior solution [87-89], where
the effective potential V,(r) is
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2n%(n+ 1) + 6n°b + 18nb> + 18h°
r*(n+3b)? ’
(10)

Vo(r) = (1-20)

and the tortoise coordinate r* = r+2m In(r/2m —1) is
introduced. The relations between the new variables r*,
Z(r*), and dZ(r*)/dr and the original ones (r, H;, and K)
are shown below:

(i) = Gy w0 ()

n(n+ 1)+ 3nb + 6b*

9(r) = (n + 3b) ’
~ (n—=3nb-3b?%
) = 2pyn+ 30)

dr* 1
kry="" -~ 1
=4 =12 (11)

A solution to the Zerilli equation has an asymptotic
behavior,

n+1p 1
Z— { o [n(nJr Da
2
—3Ma)<l +—>ﬁ] -+ ...}cos(wr*)
n r
n+la

—{ﬂ+ - r—zlwz[n(nJrl)ﬂ
+3Ma)(1 —i—%)a] %+ } sin(wr,),  (12)

as approaching infinity [90,91], where a and f represent
the real and imaginary parts of the amplitude of the
standing gravitational wave at infinity. These two param-
eters are obtained by matching Z and dZ/dr of the
asymptotic solution with the numerical one.

In practice, we first search through the real axis to locate
the “neighborhood” of the oscillating frequency and then
figure out the imaginary part of the eigenfrequency from a
fitting procedure according to Ref. [90]. The relation
between the square of the amplitude o® + > and the
frequency @ can be related via

a* + % = const.[(@ — wy)? + w?]. (13)

Fitting the numerical results to this behavior thus allows for
determining the real (w;) and imaginary (w;) parts of the
eigenfrequency. This method has been proven to be
equivalent to solving the eigenproblem through a search
on complex plane for w; < @, satisfied by the modes of
interest here [92]. Regarding the determination of @y, this
connection can be understood by analogizing the stellar
oscillations to the forced vibrations with GWs acting as the
driving force. When a driving frequency approaches @, of a

FIG. 1. Metric perturbations (solid lines), fluid displacement
functions (dotted lines), and metric functions of the static back-
ground (dashed lines) as functions of radius inside a 1.4M, QS
computed with a MIT bag model with B = 47.202 MeV fm=3.
Hy, H;, and K are in units of &, = 152.26 MeV fm™3, X is in units
of e%, and W, V, v, and 1 are dimensionless. The central pressure is
P = 85 MeV fm™3, the radius is R = 11.72 km, and the corre-
sponding f-mode frequency is @ = (9.835 x 10° + 6.386i) Hz,
and the imaginary component of the frequency gives a damping
time of 0.16 s.

given mode, the fluid will undergo a “resonance,” leading
to large-amplitude motion [93]. As a result, if the fluid
amplitude is held fixed at the center [say W(0) = 1], the
GW flux reaches a minimum at resonance.

With the system of equations completed, boundary
conditions imposed, and the numerical algorithm specified,
the eigenproblem can now be readily solved. As an
example, we depict the f-mode for a 1.4M QS pertaining
to the MIT bag model P = 1 (¢ — 4B), with a bag constant

of B = 47.202 MeV fm~3 in Fig. 1. We see that X vanishes
at the stellar surface, reflecting the boundary condition.

After obtaining the oscillation frequency, another impor-
tant aspect to consider is how easily a certain mode can be
excited by the tidal interaction in the late inspiral phase.
The quantity used to describe this property is the tidal
overlap [71,94-97] (see also [64] for another flavor of
definition, while we note that both yield nearly identical
predictions for the mode’s tidal excitation),

1

Qu = W/ V=g Ex(p + e)EFV,(r?Ya,).  (14)

where ¢ is the determinant of the metric, and &4 denotes the
normalized eigenfunction that satisfies the orthogonality

/ V _ge_vd3x(p + g)gj;ﬂgya’ = 50(0/MR2' (15)

In the context of quasicircular and nonprecessing orbits, it
is sufficient to consider modes with m = 0 and 32 for the
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tidal excitation problem since the leading-order tidal field is
of quadrupole and the ones with m = £1 are decoupled
from the tidal forcing.

III. UNIVERSAL RELATIONS

There exist certain relations between the properties of
stars, known as universal relations, which hold for all
plausible EoSs. Some of them prove to be also applicable to
QSs [76-78]. However, the nonzero surface density and the
different density distribution of QSs cause some relations to
differ when applied to QSs and NSs. In particular, QSs and
NSs could be very different in radius for given values of
mass and tidal deformability, potentially leading to differ-
ent dynamical tide effects.

In this paper, we aim to search for the largest possible
difference in dynamical tides of binary quark star (BQS)
and BNS mergers, and hence we need to choose NS and QS
EoSs that produce the largest differences in radius yet
keeping mass and tidal deformability the same. For this
purpose, we adopt neutron star EoSs DDME?2 [98], as well
as several EoSs from the Gulminelli-Raduta [99] unified
family, each based on a different effective interaction:
SK255 and SK272 [100], Skb [101], SkI5 [102]. These
EoSs are chosen such that a 1.4M 5 NS has arelatively large
radius of ~13 km and a tidal deformability A < 800, to be
in line with GW170817 [103]. For QS EoSs, we consider
the following two models: one is the simplest MIT bag
model, which describes the noninteracting quark matter,
and another one is proposed in Ref. [104], which describes
interacting quark matter, including perturbative QCD
corrections and color superconductivity for both two-flavor
and three-flavor quark matter. After reparametrization and
rescaling, these EoSs contain one more parameter,

1 43 3z 1
ng(g_l)_‘_ﬁ —1+Sgn(/1) 1+T<£_Z) 5

(16)

here p = p/4B, & = £/4B, and J is a parameter character-
izing the strength of the related strong interaction [104]. In
this paper, we restrict our attention to the case 4 > 0.

The universal relations for QSs found in [105] are used to
verify our results. The blue solid line in the upper panel of
Fig. 2 is the fitting result in their paper, which is

M, 4f = 42590 — 0.478741og(A) — 0.45353 log(A)?
+0.1443910g(A)? — 0.016194 log(A)*
+0.00064163 log(A)°, (17)

where M, 4, = M/(1.4M), and for convenience of com-

parison with their results, kHz is used as the unit of
frequency in this figure, which differs from all other figures

3.5
“\ *  B43.13 *  B194L10
3.0} ». * B43.7 SK255
\ *  B48.4609 o SK272
*  B51.8634 o Skb
2.5
\\ * BI47TLO.I6  ©  SKI5
-
3 20 B164L1 e DDME2
2

FIG. 2. Top panel: universal relation between the f-mode
frequency times M 4 and the tidal deformability. The star-shaped
points represent our data for QSs, and some of them are modeled
in the MIT bag model with the different values of the effective bag
parameter B, which reflect the surface density of QSs, as indicated
in the legend. For other QSs, the EoS in Ref. [104] is used, and all
possible strongly interacting phases of strange quark matter and
up-down quark matter are considered in this model. The parameter
7 characterizing the strength of the related strong interaction. In
the legend, the values of this parameter are shown by the number
after “L.” The circular points represent the results of NSs. The blue
solid line shows the result in Ref. [105]. Bottom panel: relative
deviation between our results and the relation discussed in
Ref. [105] as a function of the tidal deformability.

in this paper. As shown in this figure, all our data points are
close to their fitting curve. In order to show the difference
between our data and their result more clearly, the lower
panel shows the relative deviation calculated with

_ |M1.4ff - (M1.4ff)ﬁt| )

A
Mi4fy

(18)

As shown in the lower panel of Fig. 2, most of these
differences are below one percent, which is very small,
showing a perfect agreement with their results.

Some universal relations have been found in the case of
NSs and have not been validated with data including QSs.
The relations about the dynamical tides found in Ref. [81]
are particularly important since they include the radius,
which differs significantly between QSs and NSs,

A(A) = O/R/M,
B(A) = wR. (19)

Including the results of QSs, these relations are refitted in
this paper. Figure 3 shows the universal relation of QSs
between A and the tidal deformability of compact stars.
This figure illustrates that the data points of QSs and NSs
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T+ B3 *  B194L10
*  B43.7 SK255
GF *  B48.4G609 ® SK272
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B164L1 ® DDME2 /
s 9 o
~
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4 -
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3 L 1 1 1
10 100 1000 10000
A
FIG. 3. Universal relation between A = Q,R/M and the tidal

deformability. The point shapes have the same meaning as
Fig. 2. The blue solid line shows our fitting result, which is
shown in Eq. (20).

lie almost on the same curve,

log(A) = 0.01687log(A)? 4 0.02078 log(A) + 0.453.
(20)

In other words, this relation also applies to QSs.

Figure 4 shows that the universal relation of QSs
between 3 and the tidal deformabilities is different from
that of NSs. The fitting result for NSs is

log(B) = —0.006918 log(A)? — 0.01665 log(A) — 0.2453,
(21)
while the result for QSs is

log(B) = —0.005922log(A)? — 0.04096 log(A) — 0.2455.
(22)

The deviation between the NS results and the fitted values
is larger than that for QSs. For QSs, this difference occurs
primarily in regions with smaller tidal deformabilities,
which means that these stars have larger mass and are
among EoSs with different values of A.

The reason for these results can be found in Table I. NS
EoSs with a large radius at 1.4M are used in this paper,
which makes NSs have a large difference with QS ones.
For QSs, the MIT bag model with different B, which
makes the star have nearly the same tidal deformability as
NSs at the same mass, is used. The QSs and NSs have
similar f-mode frequencies, but QSs have a radius that is
much smaller than that of NSs and also have a larger tidal
overlap of the f-mode. The radius and tidal overlap of
QSs are smaller than those of NSs by the same factor,
resulting in a similar universal relation for A. QSs have an

*  B43.13 B194L10 \a\
*  B437 ®  SK235 "
0.3+ e ;

*  B48.4609 ® SK272
*  B51.8634 ® Skb

B147L0.16  ®  Ski5
*  BI64L1 e DDME2

10 100 1000 10000
A

FIG. 4. Universal relation between B(A) = wR and the tidal
deformability. The point shapes have the same meaning as Fig. 2.
The blue solid line shows our fitting result of NSs, which is
shown in Eq. (21), and the orange solid line shows the fitting
result of QSs, which is shown in Eq. (22).

f-mode frequency similar to that of NSs, but have a
smaller radius, so the relation between B and the tidal
deformability for QSs and NSs is different.

IV. TIDAL DEPHASING

Dynamical tides imprint certain dephasing to the wave-
form, which can be distinguished from the static tide effect
when the SNR is high enough and the signal can be
detected up to merger [34-37]. One can then infer the
properties, Eq. (19), from the detected and analyzed
signals. As discussed above, this dynamical tide effect is
modeled by the properties [cf. Eq. (19)], thus a detailed
analysis and modeling can be combined to obtain some
constraints on these parameters. The obtained information
can be further leveraged to infer indirect observables, such
as the stellar radius when combined with the universal
relations Egs. (20)—(22). In addition, the dependence of B
on A differs between NSs and QSs. These differences
influence the tidal dephasing produced by the dynamical
tide, and our goal is to quantify the magnitude of this effect
and evaluate whether it could provide a clear, detectable
signature of the stars’ true nature.

The post-Newtonian method is used to calculate the tidal
dephasing [81,106]. In this method, the motion of the
binary system is obtained by solving Hamilton’s equations
with the Hamiltonian [66,107],

H:Horb+Hreac+HTv (23)

where the first two terms are the point-particle contribu-
tions: Hy, is the Hamiltonian for the conservative motion
for which we solve up to 3 post-Newtonian orders, and
H ., is the Hamiltonian that considers gravitational back-
reaction [71]. Finite-size effects, including static and
dynamical tides, are grasped in the tidal Hamiltonian [81],
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TABLE L

Properties of QSs and NSs with nearly the same mass M and tidal deformability A. The first column shows the stellar mass

M (Mg,). For both QSs (second to fifth columns) and NSs (sixth to ninth columns), the tabulated quantities are as follows: radius R
(second and sixth columns), tidal deformability A (third and seventh columns), f-mode frequency f (fourth and eighth columns), and
tidal overlap Q¢ (fifth and ninth columns). For NSs, the EoS named RGSK(272) is used. For QSs, the MIT bag model with different B is
used to guarantee they have the same static tides with NSs at the same mass. Specifically, for the mass from the top to bottom row, we set
B = 45.399,46.472,47.481,48.476,49.427,50.350,51.217 MeV fm~3, respectively.

M (M) Quark stars Neutron stars
R (km) A J (Hz) O R (km) A Jf (Hz) Oy

1.10 11.214 2709.83 1490.24 0.771 13.460 2712.48 1486.20 0.637
1.15 11.260 2097.75 1515.82 0.775 13.435 2101.54 1511.59 0.644
1.20 11.304 1636.70 1540.68 0.780 13.410 1638.54 1536.84 0.651
1.25 11.343 1282.87 1565.76 0.784 13.383 1284.74 1561.93 0.658
1.30 11.378 1010.73 1590.63 0.789 13.354 1012.13 1587.00 0.666
1.35 11.410 799.21 1615.67 0.793 13.323 800.57 1611.99 0.673
1.40 11.439 634.75 1640.44 0.798 13.290 635.44 1637.16 0.680
HT = Hyq + Hoo. stars, as done here, its effect on the difference between
MM PP QSs and NSs is effectively removed, allowing us to focus
= - & Ag cos(mg,) + <_2 + Mgqg 52> , on the next-order contribution, namely, the dynamical tide.
a MR Due to the more uniform density distribution of QSs,

(24)

where M and M oy, are the mass of the primary star and
companion star, and a is the distance between them. ¢, is
the phase coordinate of the companion star, g are the mode
amplitudes, and P are the canonical momenta associated
with g.

We consider QSs that have tidal deformabilities similar
to those of NSs, as listed in Table I, so that the static tidal
responses of QSs and NSs are comparable. In addition, we
restrict ourselves to equal-mass, nonspinning binary sys-
tems in the present study. The GW phase is obtained by
integrating over a frequency range [fmins fmax)s

fmax a(b
Ou= [ ap () = o a0 09
fmin fgW

where @, denotes the point-particle contribution to GW

phase, and A®” collectively represents the tidal dephas-
ing, including both the equilibrium and dynamical tides.
Since tidal effects are negligible during sub-hundred Hz
[108,109] and the post-Newtonian approximation may
become unreliable above 900 Hz, we choose
(fmins fmax) = (20,900) Hz and plot the results in
Fig. 5. This result includes the contributions from both
static and dynamical tides. The tidal dephasing is suffi-
ciently large to be detectable by aLIGO even for the case
of 1.1Mg: at f4, =900 Hz, we find A® = —3.24 rad for
NSs and A® = —3.28 rad for QSs. The static tide pro-
vides the dominant contribution to the overall dephasing,
which leads to larger tidal dephasing for stars with smaller
masses due to their higher tidal deformabilities. However,
by selecting similar tidal deformabilities for both types of

QSs have larger tidal overlaps than NSs, which means that
their f-modes are more easily excited—this makes their
effects of dynamical tides larger than NSs. The difference
in tidal dephasing between NSs and QSs is small in this
figure. Figure 6 is included as an additional figure to
illustrate this difference for NSs and QSs of similar mass
and tidal deformability. We see that the difference between
NSs and QSs in tidal dephasing increases with decreasing
mass since the difference in radius is larger at lower masses,
leading to a larger difference in B. That said, the difference
in Bis still very small (only 0.0822 at f,,, = 900 Hz) even
for the smallest mass discussed in this paper (i.e., 1.1M).
Meanwhile, it is worth noting that although the tidal

S~
X —
-
—

~
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S
~

St

< — L1M,
—— L15M, L15M,
Gl — 1Mo --- 120
TV — 125M,  --- 1.25M,
— 13My,  --- 13M,
— 135M,  --- 135M,
-8 LAM,  --- 14M,

0 200 100 600 800

few[Hz]
FIG. 5. Tidal dephasing of NSs and QSs as a function of GW

frequency. Solid lines denote QSs and dashed lines denote NSs.
The data are taken from Table I, where QSs and NSs of the same
mass have approximately equal tidal deformabilities.
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FIG. 6. Difference in tidal dephasing between NSs and QSs of
similar mass and tidal deformability as a function of GW
frequency.

deformabilities of the selected QSs and NSs are not exactly
the same, their difference is only at the level of 1073, which
is much smaller than the difference in the tidal dephasing
(at the level of 1072). This indicates that the dominant
factor of the tidal dephasing difference is the dynami-
cal tides.

Before we assess the detectability of this difference with
current and future GW detectors in Sec. V, we briefly
comment on the possible influence of spin. To the leading
order, the frequency shift induced by spin is given
as [71,110,111]

sw = —-mQ(1 = Cy), (26)

with

1
C,= TR / e2dx(p + e)r?!
S (_anWnl - Wnlvnl + anvnlel/z)' (27)

We restrict to the [ =2 f-modes, and find that the
difference is less than one percent in 1 — Cy, between
the two kinds of EoS for all the masses from 1.1Mg
to 1.4M . The negligible difference in spin modulation of
the frequencies, and the presumably even smaller impact
on the eigenfunctions [112], suggest that this effect is
unlikely to help distinguish NSs from QSs.

V. DETECTABILITY ANALYSIS

The match (or faithfulness) between two waveforms is
quantified by the measure [113]

(hi|hy) (holhy)

where %, and h, are the two waveforms in the time domain,
and the inner product between waveforms is weighted by
the noise function of the detector S, (f). In particular, the
explicit form of the inner product reads

nlns) = | [ B ar | o)

where 7, (f) and h,(f) are the Fourier transforms of the
time domain waveforms. We choose the same frequency
range used to compute the GW phase, namely, from
Smin =20 Hz to f,.x = 900 Hz. The match is equal to 1
for the two same waveforms, so we use the mismatch to
quantify the difference between two waveforms,

MM =1-F. (30)

In the mismatch analysis, constant time and phase shifts
are introduced to minimize the mismatch between the two
waveforms.

For two waveforms that are distinguishable, they satisfy
the criteria [114-116]

(6h|5h) > 1, (31)

where 6h is the Fourier transform of 8k, and &h is the
difference between two waveforms in the time domain
Sh(t) = hy(t) — hy(r). The only distinction between the
two signals is a small phase difference—the difference

between (f;|h;) and (h,|h,) is minor and neglected here.
In accordance, (8h|6h) can be reformulated as [117-119]

M)
(hilhy) (halhy)
=202 MM (h;. hy). (32)

o) = 200 i 1 -

where p = \/<7zl |hy) = \/<712|l~12> is the SNR of the wave-
forms under this GW detector.

We calculate the mismatch between waveforms from the
BNS and BQS with the same mass and tidal deformability
using pyCBC [120], which chooses the phases and time
shifts to align the waveforms effectively. The waveforms are
obtained by adding the tidal dephasing of NSs and QSs to a
binary black hole baseline, here adopting the TEOBResumS
model [25], with the same mass. The estimate is based on the
designed sensitivity curves of alLIGO [121], ET [122,123],
and CE [121,124]. We assume that the GW signal is face-on
to the Earth and the source is located at D; = 50 Mpc.

We can see from Fig. 7 that both the mismatch and
1/SNR? decrease with mass. The reason for the former is
that the difference of dephasing between QSs and NSs
decreases with mass. The latter is because the signal is
weaker for a lower-mass system, and the higher GW
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FIG.7. Top panel: mismatch M of waveforms from BNSs and
BQSs with the same tidal deformabilities as a function of masses
(the solid line). Also plotted are the corresponding 1/SNR? (the
dotted line). The data obtained by the noise functions of
different GW detectors are shown in different colors and point
shapes. Bottom panel: (5k|6h) as a function of mass. If this
value exceeds unity, the two waveforms can be distinguished by
this detector.

frequency makes it more difficult to be detected. It can be
read from the lower panel that the former effect is larger,
making it easier to distinguish BNS and BQS with lower-
mass binaries. The mismatches obtained from the noise
functions of the different detectors are similar, because the
noise functions have a similar shape in the premerger
phase. Due to their higher sensitivity, the next-generation
GW detectors (ET and CE) yield an SNR much higher than
that achieved by alLIGO by about 3 orders of magnitude.

In particular, the maximum mismatch for alLIGO is
found at 1.1My as 1.790 x 1072(< 1). This level of
mismatch is buried in the noisy response of al.IGO,
and hence the signal coming from BNS and BQS cannot
be distinguished even if the dynamical tides are measured.
However, this difference could be marginally detected by
the next-generation GW detector. For systems with masses
between 1.1 and 1.4M, the mismatch can exceed the
noise level of CE and thus could potentially be observable.
For the ET, on the other hand, the mismatch is close to

1/SNR? for low masses, and (8/|6h) remains below unity

ET (30 Hz)
-~ ET (20 Hz)
CE (30 Hz)
CE (20 Hz)
aLIGO (30 Hz)
aLIGO (20 Hz)

¢

101 L

$4uy

(6h|6R)

110 115 120 125 130 135 140
MIM)]

FIG. 8. Difference in (5h|sh) with different frequency range
(20-900 Hz and 30-900 Hz) as a function of mass.

only for the 1.4M, case. The detectability with the ET is
thus not very plausible, though a close event could still be
captured.

To strengthen our conclusion about the detectability, we
also consider (fpin, fmax) = (30,900) Hz. It is found that
the measurability does not suffer from the lack of low-
frequency signals due to a compensation effect, i.e., the
increase in mismatch, resulting from retaining only the
high-frequency portions where the difference between
waveforms is larger, counteracts the lower SNR. As a
result, (5h|6h) remains almost the same as the results
shown in Fig. 8.

To further quantify the detectability of quark stars
versus neutron stars at the population level, the number
of events required is estimated using a mismatch criterion.
A power-law mass distribution [125] and a distance
distribution proportional to D? are assumed in the range
of 50-500 Mpc, based on the assumption that BNSs are
uniformly distributed in space. We generated a series of
independent random events according to the above dis-
tributions, and the population-level distinguishability is
obtained by

N
MMia(N) = 202 MM, (33)
=1

=

The expected number of events required for distinguish-
ability, defined as the minimum number of events for
which MM ,,;(N) > 1, and its associated uncertainty are
determined through 1000 repeated calculations.
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FIG. 9. The total mismatch as a function of the number of
events. The error bars correspond to the [5,95] percentile range.

Figure 9 shows the total mismatch MM, as a
function of the number of events N,.,,. The results indicate

that approximately 185§2fll(l)z6 events are required for current

aLIGO, 3412 events for the ET, and 107 events for CE to
distinguish between quark stars and neutron stars, where
the quoted uncertainties correspond to the [5,95] percen-
tile range.

VI. DISCUSSION AND CONCLUSION

GW observations that distinguish between QSs and NSs
can provide a crucial means to probe the ground state of
nuclear matter under conditions of low temperature and
high density. In particular, differences in their internal
structure suggest that finite-size effects in the waveforms
could serve as a decisive diagnostic tool. However, this goal
is also bothered with the huge uncertainties in the EoS for
either nature of the stars. To assess the feasibility of such
distinction, we appeal to universal relations that connect the
tidal parameters with bulk properties to minimize the
ramifications of uncertainties of this kind. This approach
requires identifying a relation that differs between NSs and
QSs. However, known relations for equilibrium tides take
the same form for both types of stars. We thus propose to
solve this problem by considering the next-order tidal
effect, the dynamic tide, which is associated with the
excitation of oscillation modes.

Dynamical tidal effects are primarily parametrized by the
frequencies and tidal overlaps of f-mode. Our calculations
for QSs and NSs show that QSs of the same mass and tidal
deformability as NSs have similar f-mode frequencies but
larger tidal overlaps. We notice that the definition of tidal
overlap differs among references, and that how to most
accurately characterize the excitation of stars is under
discussion. Consequently, a variety of theoretical and
numerical approaches have been developed to address this

problem, including the hybrid approach [126], the surface-
matching method [47,127,128], the scattering approach
[55], and the direct relativistic perturbation approach [126].
In this work, we follow the definition that includes the
factor e in the integral [126], and the definition adopted
here is a matter of convention. As a result, the tidal overlap
is about 20% larger than the value obtained using defi-
nitions without this factor. However, our method for
calculating the tidal dephasing is independent of the
particular definition adopted for the tidal overlap, and
the corresponding dephasing for alternative definitions
can be straightforwardly derived. If the physically relevant
value of tidal overlap is smaller than that adopted here, the
resulting tidal dephasing would be weaker, making our
current estimates optimistic and requiring a larger number
of stacked events to achieve the same observational
significance. The parameters that factor in the
Hamiltonian governing the dynamical tides are Q;R/M
and cofR. The former is similar for both NSs and QSs, so
the universal relation between QR /M and A of QSs is the
same as that for NSs. However, due to the difference in
radius and the similarity of their f-mode frequencies, the
universal relation between w ;R and A differs by about 20%
between the two types of stars.

The discrepancy in the w;R—A relation is then translated
to a waveform observable by computing the tidal dephasing
of the dynamical tide using a post-Newtonian method
[Eq. (24)]. Due to the fact that the difference of density
distribution makes the tidal overlap of QSs larger than that
of NSs, the f-modes of QSs thus more efficiently absorb
energy and angular momentum from the orbit to return
more significant tidal dephasing on waveforms. Ultimately,
this difference in the GW phase, integrated from 20 to
900 Hz, increases with lower masses. For an equal-mass,
nonspinning binary with component masses of 1.1My—
the lowest mass considered in this paper—the magnitude of
this effect is merely 0.0822 radians. We evaluate the
mismatch between BNS and BQS waveforms across various
GW detectors and provide the corresponding SNRs.
Combining our results with the previous conclusion that
the static tides [73] and the GW cutoff frequency cannot
distinguish them, it appears almost impossible to differ-
entiate NSs and QSs from the GW signal during the inspiral
phase by aLIGO. Even for a 1.1M case, detecting this
difference with alLIGO would require an exceptionally loud
event with an SNR exceeding 384. However, the difference
in tidal dephasing could be marginally detected by the next-
generation detectors, as their values of M x SNR? can be
close to unity depending on the source parameters (Fig. 8).
We further assess the population-level distinguishability
between quark stars and neutron stars using a cumulative

. . . . 106
mismatch criterion. We find that approximately 18827/\5,

34712 and 107] events are required for aLIGO, ET, and CE,
respectively, where the uncertainties denote the [5,95]
percentile range.
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