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We perform fully general-relativistic hydrodynamics simulations of binary neutron star mergers over
100 ms postmerger to investigate the dynamics of remnant massive neutron stars (NSs). Our focus is mainly
on the analysis of convective stability and mode characteristics of the massive NSs. We derive stability
criteria for hot, differentially rotating relativistic stars that account for both buoyant and rotational restoring
forces, and apply them for the first time to the postmerger massive NSs. Our results show no evidence of
large-scale convective instability, as both angle-averaged specific entropy and specific angular momentum
increase outward within the massive NSs. Rotational effects significantly enhance stability for local regions
that would be otherwise unstable by the Schwarzschild criterion. Additionally, our mode analysis of matter
fields and gravitational waves reveals no excitation of observable inertial modes after the damping of
quadrupolar f-modes in the massive NSs, contrasting with previous studies. As in many previous works,
we observe the excitation of an m = 1 one-armed mode. However, we also find that the growth of the
m = 1 mode amplitude after the merger may correlate strongly with the violation of linear momentum
conservation, indicating that we cannot reject the possibility that the excitation of the one-armed mode has a

numerical origin.
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I. INTRODUCTION

The simultaneous detection of gravitational waves (GWs)
and electromagnetic radiation from the binary neutron star
(BNS) merger event GW170817/GRB170817A/AT2017gfo
marked the dawn of a new era in multimessenger astro-
physics [1-3]. This landmark event demonstrated that BNS
mergers are at least partial sources of short y-ray bursts,
kilonovae, and the production of heavy elements via the
rapid neutron-capture (r-process) [2—13]. BNS mergers
provide a unique opportunity to investigate the composition
and state of supranuclear matter inside neutron stars (NSs).
For the GW170817 event, the constraints on the equation of
state (EOS) are primarily obtained from tidal imprints in the
GWs during the late inspiral phase [2,14,15], which disfavor
extremely stiff EOSs.
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To understand what GWs tell us about the matter proper-
ties requires modeling the merger dynamics of BNSs, a task
that spans a few techniques. A post-Newtonian expansion of
the two-body problem is well-suited for describing the early
orbital phase, while numerical relativity becomes essential
for accurately capturing the dynamics during the near-
merger phase. In this stage, numerical relativity is being
used to calibrate and promote perturbative approaches (e.g.,
effective one-body formalism), enabling the incorporation
of matter effects—such as tidal deformation [16—-18] and
mode resonance [19,20]—in a more concise and tractable
manner. Reliable theoretical predictions of postmerger
GWs and matter dynamics can only be obtained through
general-relativistic hydrodynamics simulations (see, e.g.,
Refs. [12,21,22] for reviews). Besides, physical processes
grounded in numerical relativity, such as kilonova light-
curve modeling, r-process nucleosynthesis calculations,
and photon radiation transfer simulations are crucial for
understanding the electromagnetic counterparts of BNS
mergers.

The fate of the merger remnant depends primarily on the
total mass and the EOS of NSs. Numerical simulations
show that the remnant can either collapse directly into a
black hole or form a massive NS [23-26]. Observing GWs
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in either scenario can set an upper bound on the threshold
mass for prompt collapse [27-29] and reveals the matter
dynamics of the massive NSs [26,30]. Postmerger simu-
lations of the latter case, spanning a few tens of milli-
seconds, show a spectrum dominated by a main peak at
~2-4 kHz, with secondary peaks on either side [31,32].

Detailed mode analysis indicates that the main peak
arises from the m = 2 f-mode, while the secondary peaks
may be attributed to the coupling between the f-mode and
quasiradial m = 0 mode, or spiral deformations when the
massive NS mass is relatively below the collapse threshold
[33,34]. The correlation between the main f-mode and
premerger global properties (such as mass, radius, and tidal
deformability) can provide constraints on the EOS of NSs
[31,35] (see also the review in Ref. [21] and references
therein), particularly regarding phase transitions inside NSs
[36-38]. However, potential systematic uncertainties from
gravitational theories [39] and thermal effects [40—43] must
also be considered, and need further studies.

For the massive NS case, a key aspect of the long-term
evolution is the presence of (magneto)hydrodynamic insta-
bilities that shape the dynamics of the system. For example,
Kelvin-Helmholtz instability can lead to significant ampli-
fication of magnetic fields at the merger [44-47], while
magneto-rotational instability may drive the formation of
large-scale magnetic fields through the a€2 dynamo in
the outer envelope of the massive NSs [48] (see Ref. [49]
for a recent review). The hydrodynamical m =1 one-
armed instability has been observed in many simulations
of BNS mergers in the postmerger phase [50-55]. This
instability appears to be seeded at merger and grows
exponentially and saturate within 10-20 ms after merger.
It can emit GWs efficiently at half the frequency of m = 2
f-mode [54,55], and possibly drives the spiral wind, which
efficiently transports angular momentum outwards, and
the ejecta of this component could reach 210‘2M<D [56].
However, it is worth noting that the physical origin of the
m = 1 one-armed instability is still not clear.

Hydrodynamical instabilities often induce large-scale
asymmetric fluid motions, potentially leading to significant
GW emissions and providing insights into the thermal a
nd rotational properties of the massive NSs. Since the
massive NSs formed from BNS mergers are hot and
differentially rotating, it is interesting to investigate whether
fluid instabilities observed in simulations or pertur-
bative studies of differentially rotating NSs—such as
bar-mode instability [57], low T/W instability [58-63],
Chandrasekhar-Friedman-Schutz instability [64-67], and
convective instability [68,69]—could develop within the
massive NSs. Among these instabilities, convective insta-
bility may play an important role. This type of instability is
frequently observed in supernova explosion simulations
[70-72], which not only facilitates the transfer of energy to
power the explosion but also generates substantial GW
emissions [73].

Recent studies [74,75] conducted z-symmetric hydro-
dynamical simulations of BNS mergers lasting 10° ms
postmerger and found that the massive NSs develop
convective instability based on the Schwarzschild criterion.
Their simulations further suggested that this instability
triggers inertial modes, which then persisted for several
tens of milliseconds at frequencies of several kilohertz.
References [68,69] identified convective instability in hot,
differentially rotating NSs with mergerlike thermal and
rotational profiles, with convection timescales on the order
of tens of milliseconds. By contrast, the general-relativistic
neutrino-radiation hydrodynamics simulations of BNS
mergers in Ref. [55] found that the massive NS remains
stably stratified according to the Ledoux criterion.

References [55,68,69,74,75] primarily focused on ther-
mal and/or compositional buoyancy. However, the rota-
tional restoring force may be important for the massive NSs
since they exhibit rapid and differential rotation [25,31].
Neglecting its contribution to the criteria for convection
will consequently lead to incomplete conclusions. The
convective instability due to differential rotation was
first developed by Rayleigh [76] for an incompressible
fluid in a cylindrical container, and was later extended by
Solberg [77] and Hgiland [78] for nonbarotropic stars. It is
commonly called the Solberg-Hgiland criterion in astro-
physical literature, and has been frequently applied to study
the convective stability of black hole disk [79-81]. For
relativistic rotating stars, Bardeen [82] gave a heuristic
argument, while Abramowicz [83] provided an intuitive
derivation for homentropic stars. Seguin [84] gave a more
precise and comprehensive treatment for hot and differ-
entially rotating relativistic stars, including heat flow and
viscosity.

In this article, we aim to investigate the convective stability
of postmerger massive NSs using three-dimensional, fully
general-relativistic simulations that account for both rota-
tional and thermal restoring forces, as well as the effects of
general relativity. Additionally, the mode characteristics
will be analyzed in both the matter field and GWs. We
emphasize that the goal of this work is not to perform a
direct comparison with Refs. [55,74,75]. Our simulations
employ numerical setups—such as the choice of EOS,
binary masses, resolution, and hydrodynamical schemes—
that differ in several important respects from those used in
Refs. [55,74,75]. These differences motivate an indepen-
dent and self-consistent analysis rather than a one-to-one
comparison.

The paper is organized as follows: in Sec. II, we outline
the analysis methods and numerical models employed in
this study. In Sec. III, we present the main hydrodynamic
results, focusing on the thermal and rotational properties of
the massive NSs in Sec. IIT A, and a detailed convective
stability analysis in Sec. III B. The characteristics of the
modes are explored in Sec. IV, including the m =1
instability in Sec. IVA, the dispersion relation and
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characteristic frequencies in Sec. IV B, and the inertial
mode problem in Sec. IV C. Finally, we summarize our
findings in Sec. V. Throughout this paper, unless otherwise
specified, we adopt geometric units with ¢ = G = 1 where
G and c are the gravitational constant and speed of light,
respectively.

II. METHODS AND NUMERICAL MODELS

A. Matter field and equation of state

The matter field is described by perfect fluid, with the
energy-momentum tensor given by

T = [p(1+€) + plu,u, + pg,,. (1)

Here u* is the four-velocity, ¢ is the determinant of the
spacetime metric g, , and the pressure p is a function of the
rest-mass density p and the specific internal energy e
through the EOS. In this paper, we employ the piecewise
polytropic parametrization [85] of three barotropic EOSs,
namely APR4 [86], SLy4 [87], and MPA1 [88]. The zero-
temperature pressure p. and specific internal energy €. are
parametrized by piecewise polytropes consisting of four
segments: the adiabatic index of the crust is set to a fixed
value, while three more indices are used to approximate the
core region (see Refs. [18,89-94] for more details). In each
segment, the EOS is given as

K,-pri_l
r—1

+Ae¢;, (i=0,1,2,3),

)

where Ag; is calculated by imposing the continuity of the
pressure and specific internal energy at the transitional
density p,. The EOS is fixed once the transitional density p;,
the polytropic index I';, and the polytropic constant of
i =0, K, are chosen. Our choices of these parameters of
the selected EOSs follow that of Ref. [85]. To account for
the shock heating during and after merger, we add a I'-law
thermal component to the cold part. The resulting total
pressure and specific internal energy of the hybrid EOS can
be written as

pe(p)=Kip"i,  elp)=

p=rct+pn=Kp+ple—c)Tun—-1). (3)

Ki -1

L1

€ =€+ €y = + Ae; + €, (4)

where py, and ey, are the thermal contributions. In general,
Iy, depends on density, temperature, and composition
[95-97]. Since it has been suggested that a constant I'y,
approximation is suitable for investigating the fate of
the merger remnant [98], we follow Ref. [93] and take
', = 1.8 in this work. The dependence of the postmerger
evolution process on Iy is investigated in a separate

paper [99]. In this hybrid EOS, the specific enthalpy is

given by

_e+p
p

h =1— ([ = 1Ae; + Tyeg, + Tiee,  (5)

where the energy density e is expressed as p(1 + ¢). From
the first law of thermodynamics,

de = pTdS + hdp, (6)

we obtain the temperature 7 and the specific entropy § as

my
T = E(rth = De, (7)
k 1/(Typ—1)
S ==2log L i (8)
n Cop

respectively. Here m, is the nucleon mass, kg is the
Boltzmann constant, and ¢, is an arbitrary constant with
dimensions of the inverse of density. The adiabatic index
for adiabatic perturbation is [68,75,100]

p:|

F_ﬂ(dp> _P[aP
Yop ), plopl,

Pc
=T+ ([ —T) rk 9)

P opP
p? O

which will be frequently used to analyze the criteria of
convective stability.

Armed with the two-parameter EOS p = p(p, €), and the
normalization of the four-velocity u#u, = —1, we still need
to evolve five variables, which can be taken as the rest-mass
density p, the specific internal energy ¢, and the three spatial
components of the four-velocity u;. The state of the matter
field is determined by the conservation equation of energy-
momentum,

v, T, =0, (10)
and the conservation equation of the rest mass,

V., (pu) = 0,(py/=gu') + 0i(p/=gu') = 0. (11)

B. Numerical setup for the simulations

We employ the latest version of our numerical relativity
code SACRA-MPI [93,94,101]. Specifically, we implement
a moving puncture version of the Baumgarte-Shapiro-
Shibata-Nakamura formalism with the fourth-order finite
difference both in time and space to solve Einstein’s equation
[102-105]. The Z4c prescription is also incorporated to
damp out the constraint violation [106]. We also employ the
Harten-Lax-van Leer contact (HLLC) approximate Riemann
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TABLE 1. Properties of the three equal-mass BNS systems
studied in this work. Note that three different resolutions are set
for the APR4 EOS. The columns present the gravitational mass
(M) and the baryonic mass (M) of the individual stars, the
angular velocity of the binary at the start of each simulation with
the separation 44.3 km, the grid resolution of the finest box,
AXfinest> and the grid number N for each refinement domain. The
numerical models are named according to the EOS and the
gravitational mass of the two NSs. For example, APR4-135135
refers to the system with APR4 EOS, and the gravitational mass
my = my = 1.35M,.

EOS M[MQ] MO[MO] QO [kHZ] A-xﬁnesl [m] N
APR4 1.35 1.50 1.82 225.0 62
APR4 1.35 1.50 1.82 162.2 86
APR4 1.35 1.50 1.82 136.8 102
SLy4 1.28 1.40 1.78 163.5 86
MPAI 1.35 1.49 1.82 180.3 86

solver, as implemented in Ref. [107], to handle hydrody-
namical evolution.

To cover a wide dynamical range, SACRA-MPI employs a
Cartesian nested grid with the 2: 1 refinement and imposes
the mirror symmetry with respect to the orbital z = 0 plane.
For the binary NS simulations presented in this work, the
grid consists of ten refinement levels: each NS is covered
by four finer comoving domains with six coarser refine-
ment domains covering both NSs and centering at the c.m.
of the binary system. Each domain is covered by a uniform
cell-centered Cartesian grid with 2N x 2N x N for (x, y, ).
The grid resolution at the refinement level v is Ax() =
L™ /(2N), where L) is the size of the corresponding
domain on a given level along the x and y directions. The
cell-centered grid structure allows us to apply the reflux
prescription, aiding in the conservation of rest mass, with
numerical errors remaining below O(107~’M,) for long-
term simulations lasting for 10> ms after the binary mergers
in this work.

The initial data (ID) for the BNS are generated using the
public spectral code FUKA [108,109]. In our IDs, the equal-
mass BNS are in a quasiequilibrium state with an initial
separation of 44.3 km, completing 4-5 orbits before
merging. Using the orbital eccentricity reduction method
implemented in the public version, FUKA produces IDs
with residual eccentricities on the order of 1073-1072. We
presented the key parameters of the three equal-mass BNS
systems in Table I. In the following, we mainly discuss the
results of the canonical resolution with N = 86, while the
results for different resolutions of the APR4-135135 model
will be presented in Appendix C.

C. Extraction of the gravitational waves

GWs are extracted from the complex Weyl scalar W,
in the wave zone. At a given extraction radius ry, ¥, can
be decomposed into (/,m) modes using spin-weighted

spherical harmonics _,Y, (6, ¢), as expressed by

T4(tretvr0’9v¢ ZLP reter Ylm(e’ ¢) (12)
Here, the retarded time ¢, is defined as [93,110]
D
tretEt_ l:D—l—Zmoln <2—n10_1>:|’ (13)

with the total mass mq = m; + m,, and the proper radius of
the extraction sphere D = ro[1 + mgy/2ry]%. In this paper,
we extract ¥, at ry = 480M and extrapolate it to infinity
using Nakano’s method [111]. The strain of GWs contrib-
uted by each mode is then calculated by integrating P,
twice in time, as follows:

hlm.oo<tr€t) = hi{n.oo(tl'et) - ihQn,oo(tl‘Ct>

tre( t/
—/ M/\wmmmﬂ (14)

We use the fixed frequency integration [112] to calculate
hlm,oo(tret)’ namely

li;lm,oo /
hlm,oo ([ret) - /df/ (277,'1’113.)( [ffvj;iut]y P (2ﬂif/tret) ,

where P2 (f) is the Fourier transformation of Y2 (),
and the cut frequency f, of the low frequency band is
taken as 0.8 m&,/2z following [93,94]. The effective
amplitude of the Fourier spectrum is defined as [93,113]

i hlm 2+ hlm )
heii (f) \/| LR ‘, (16)

where /" (f) and A (f) are the Fourier transformation of
the plus and cross polanzatlon modes, respectively. Note
that here we omit the angular dependence of the GW
source. The angular dependence of the GW source can be
easily recovered by the spin-weighted spherical harmonics
[see Eq. (12)]. The luminosity of GWs of each mode can be
calculated by [114]

(15)

Im 2
Im = lim r
W™ dt e l6r

(17)

ret 2
/ ‘Pim’oo(t/)dl‘/

D. Onset criterion of convection instability

Local convection instability arises when a displaced fluid
element continues to move farther away from its equilib-
rium position, driven by buoyancy that overpowers stabi-
lizing effects such as the NS’s self-gravity and pressure
[115]. In rotating NSs, the restoring force induced by
rotation should also be considered in addition to thermal or
compositional buoyancy [82,83,116-118]. The massive
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NSs typically evolve to an approximately stationary state at
~20-30 ms after the merger. For simplicity, we analyze the
merger remnants using the convection instability criterion
for a stationary, differentially rotating, hot relativistic star.
We will adopt the methods formulated by Refs. [82,84,117]
to derive the necessary conditions for convective stability.

Assuming that the matter satisfies the circularity con-
dition (i.e., no meridian fluid motions), the spacetime
metric g,z of an axisymmetric rotating star in equilibrium
reads

ds? = —e?df? + ¥ (dgp — wdt)? + ¥ (dw? +dz?), (18)

where the metric functions (v, y, @, and u) depend only
on w and z with @w being the coordinate distance from
rotational axis. e” is the lapse function, w is the angular
velocity of the zero-angular-momentum observer (ZAMO)
at location (@, z), and e¥ is the circumferential radius of
the spacetime. The four-velocity is decomposed as [119]

u® = u'(1* + Qp*), (19)

where * and ¢* are the timelike and rotational Killing
vectors, respectively, and Q = d¢p/dt is the angular veloc-
ity of a fluid element seen by an observer at rest at infinity.
The normalization of four-velocity wu,u®* = —1 deter-
mines u’ as

W= 20
ise 20

where v = ¢¥7/(Q — w) is the three-velocity of a fluid
element measured by a ZAMO.

The projection of the energy-momentum conservation
equation (10) along u* yields the relativistic Euler
equations

(¢ + u*u*)V,p + (e + p)a* =0, (21)

where a# = u*V, u" is the four-acceleration of the fluid
element. Combining the above equation with the first law
of thermodynamics [Eq. (6)] gives an energy conser-
vation law,

pTud,S =0, (22)

which suggests that the specific entropy is conserved along
the worldline of a fluid element. For later use, we present
some conserved quantities along the fluid lines. Namely,
the specific energy (£ = —hu,) and the specific angular
momentum per unit rest mass (j = huy) are conserved
along fluid lines due to the presence of timelike and
rotational Killing vectors, respectively. Their ratio,

J Ug
p=t__" 23
5 u, (23)

is clearly conserved as well. This quantity represents the
angular momentum per unit inertial mass and is indepen-
dent of the thermodynamic properties of the fluid, and is
crucial in determining the convective stability of differ-
entially rotating relativistic stars [84,120].

Although perturbations for relativistic stars generically
involve both fluid variables and spacetime metric functions,
the perturbation in the gravitational field can be ignored
since convective stability is a local measure, i.e., perturba-
tions are confined to an arbitrarily small region of the
star or, in the case of axisymmetric perturbations, to an
arbitrarily thin ring [84,115,121]. Therefore, we only need
to consider the perturbation of fluid variables to derive the
criteria. Specifically, we axisymmetrically perturb the fluid
variables p, €, u™, u®, and u?. If X represents one of theses
variables, we can write

X(r,z,t) = X, (r,z,t = 0) + 6X exp [0t — i(kyw + k.2)],
(24)

where X, is the value in the unperturbed configuration, X is
the perturbed value at the same position, and 6X is the
Eulerian perturbation. In addition, ot represents the time-
dependent perturbation, and the relevant components of the
spatial wave vector (i.e., k,, and k,) determine the total
wave number as

kK = gPkos = e (k2, + k2). (25)

The local feature of the perturbations justifies the short-
wavelength approximation (kR)™' < 1, where R is the
length scale of the star. We focus on perturbations having
time scales comparable to the rotational time scale (i.e.,
o~ Q), for which the perturbations in the four-velocity
satisfies

Su™ ~ dut ~ Réu? ~ Q/k, (26)
and
Uy
ou' = ——Lsut = téu?. (27)
Uy

The variations in p and e are related to de and 6p by
virtue of the EOS as

de = (de/dp).0p + (de/de) ,5¢, (28)

8p = (dp/dp).0p + (dp/de) ,6¢ = 0. (29)

Here, 6p vanishes because the perturbation of the pressure
can be quickly taken away on the timescale of sound-travel
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time 1/kc;. Since the Euler equations involve second-order 0, = (u'u,)*[2(Q — @) (d;y — oiv) — (1 + v?)0,0)
derivatives, we also need the perturbations of the four IRVEFER 2N 22
acceleration [84], = (w'u,)*[(1 = v*)e ™ uiof — 0,0, (34)
, , N o . Ne s By using the short wavelength approximation to elimi-
ba' = (2Vgu' — 0u')ou” + (2V u' — 0.u')out nate higher-order contributions, and by using the following
+ olu'du?, (30)  equality:

(e+ P){9ip(2Viu' = 0,u") + g4y 2Viu? — 0;u?)} + uy0;p

sa? = 2V u? — 0,u?)éu® + (2V,u? — o,u?)5u’
=p(0,€ —uyTo,S) = u'ui(e+ p)o;L. (35)

+otu'su?, (31)

we obtain the linear-perturbation equations corresponding
847 = ou'Su™ + ez("’+”_”)u,_3c9w5u¢, (32) to Egs. (11), (21), and (22). In particular, the rest-mass
conservation equation gives

sa* = ou'sut + V0. 5u?, (33) obpu’ [p — iky,ou™ — ik.Sut = 0, (36)
where 0; (i = @, z) is defined by the energy conservation equation gives
—pT(0,56u™ + 9.S6u*) — ou'[(de/dp).5p + (de/de) ,0¢| + chu'dp = 0; (37)

while the spatial components of the relativistic Euler equations yield

ou'e* (e + p)ou” + u V0, 5u’ + a,|(de/op).5p + (de/de) ,5e] = 0, (38)
ou'e* (e + p)ou® + u;* V0. 5u? + a[(0e/0p).5p + (de/0e) €] =0, (39)
u'u?(e + p)oy,tou™ + u'uZ(e + p)o.£out — u'u;' eV Hou' (e + p)ou? = 0. (40)

Equations (36)—(40) are five linear and homogeneous equations for the five quantities p, e, du®, du®, and Su?.
The determinant of the coefficient matrix should vanish to have a nontrivial solution for the perturbed quantities. We then
obtain an algebraic equation for o, as follows:

kN2 1 1 (e k k k k
2 e[ =2 -— (= —"%a, ) (0,5 -—-"0.8 0nf —-20.L )0, --706, )| =0. (41
A+ (1) e e (), (i) (s =20s) + (0w =g0e) (020 =0 o

The roots of this equation determine the time evolution of the perturbation with given values of k., and k,. To guarantee the
convective stability of the system, a necessary condition is

1 de
Te+p <ﬁ>p<% +£a:)(058 +£0.8) + (0l +£0.6) (0 + £02) 2.0, (42)

where { = —k,/k.. Ve = (de/dp)sVp + (de/dS),VS, (45)
This condition implies that for the stability against the
convection, a quadratic function of { must never be

. . . we obtain two necessary conditions for the convective
negative for any value of £, which yields y

stability, as follows:

0-V¢+ (e p)~*(0e/dS),Vp-VS>0, (43)
Criterion I: @-VZ+ (e+ p)~'Vp-A >0, (46)

(0e/0S),(8 x Vp) - (VS x V£) <0. (44)

By using the thermodynamical relation Criterion II: (0 x Vp) - (A x V£) <0, (47)

023011-6



CONVECTIVE STABILITY ANALYSIS OF MASSIVE NEUTRON ...

PHYS. REV. D 113, 023011 (2026)

where A is the so-called Schwarzschild discriminant
defined as

1 1
- Ve——Vp. 48
Lt o (48)

Here, I'; is the adiabatic index defined in Eq. (9). One can
recognize that Criterion I is the relativistic version of
Solberg-Hgiland criterion [116], which comes from the
force balance between rotational and thermal effects,
and has been frequently used in studying the convective
stability of black hole disks [79-81,122]. This criterion
can be easily understood in the following two limits.
For nonrotating equilibria, the criterion reduces to the
Schwarzschild criterion for stability [115], i.e.,

Vp-A>0. (49)

When the criterion is met, a local fluid element will
oscillate due to the buoyancy with the Brunt-Viisild
(BV) frequency. To understand the impact of rotation on
stability, one can consider isentropic fluid in equilibrium,
for which the stable condition reduces to the relativistic
Rayleigh-Solberg criterion [82,83,121]

0.V >0. (50)

Physical intuition can be built as follows: if a fluid element
is perturbed outward axisymmetrically, it conserves its
specific angular momentum #. When the ambient angular
momentum decreases with radius, the fluid element will be
rotating too fast for its new position, and the centrifugal
force will push it further outward. On the other hand, the
fluid element will oscillate at the local epicyclic frequency
[123] if the stability condition holds.

It is necessary to perform coordinate transformation for
relevant quantities before applying Criteria I and II that are
derived from a quasi-isotropic cylindrical coordinate to the
numerical results that are described on a Cartesian grid.
In the 3 + 1 decomposition, the three-velocity »' and the
Lorentz factor W of a fluid element observed by an Eulerian
observer can be written as

. yl’;u” 1 (u .

i— — (L g 51
v —nﬂuﬂ a (ut+ﬂ>’ ( )
W=—-nu' =oau' = : , (52)

V1—2?

where a is the lapse function, /' is the shift vector, y; j 1s the
spatial metric, and n* is the unit timelike vector normal to
the hypersurface X,. The angular velocity and the specific
angular momentum are obtained as

M¢
Q=—=av? - p?, (53)
u
and
_ Yo Wy (54)
u, —aW + piu;’

where p? is the shift vector in the ¢-direction. The
quantities v?, #%, and v,, can be expressed as

ph = XTIV (55)
x? 42
Y X
g =PI (56)
VX2 +y?
xv¥ —yv*
Vy = ( 2 T )72 ) (yzyxx - 2xy7/xy =+ xzyyy)
xv* 4+ yv¥
+ 0 (=yya +X7y2) + <W>
X (_yx%cx - yzyx)’+x27/yx + xyyyy)' (57)
The quantity 0; [Eq. (34)] can be rephrased as
9[ = (u’ut)z [W_zy[;(})l/l%alf - 0,9] . (58)
where the metric function y,, can be written as
Yop = VVax = 2X00y + X0y, (59)

in terms of spatial metric in the Cartesian coordinates.
We have shown that the spatial distributions of Q and #
are crucial for assessing the convective stability in axisym-
metric stellar configurations. While these two quantities are
gauge-dependent, the dynamical gauge employed in sim-
ulations tend to preserve the essential characteristics of the
minimal distortion gauge [100]. Moreover, Refs. [124,125]
have investigated the influence of gauge conditions in detail
and concluded that gauge artifacts have a minimal impact
on rotational dynamics. Thus, gauge effects are expected to
be minor in the postmerger phase of BNSs, especially when
the massive NS reaches a quasiequilibrium state at approx-
imately 20-30 ms after the merger. We will disregard
possible gauge-related artifacts in the following analysis.

ITII. CONVECTIVE STABILITY
OF THE MERGER REMNANTS

A. Thermal and rotational properties

Since the criteria of convective instability are determined
by the thermal and rotational properties of the massive NSs
[cf. Egs. (43)—(47)], we begin by examining the related
quantities. Figure 1 shows the spatial distribution of the
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Distribution of rest-mass density (top), the thermal contribution to the specific internal energy (middle), and the fluid rotational

frequency (bottom) in the equatorial x-y plane is presented for the APR4-135135 binary system at different postmerger times (see the top
of the figure). The isocontours for the rest-mass density are plotted at log,o[p/(g cm™)] = {12,13, 14,15}, while those for the
rotational frequency are shown at Q/(2z kHz) = {0.5,1,1.5,2}. Note that the rotational frequency is not monotonic in the radial

direction.

rest-mass density p, the thermal component of the specific
internal energy ey, and the rotational frequency Q/2x
on the equatorial x-y plane at representative moments for
the APR4-135135 binary. As shown in the upper panels, a
double-core structure is transiently formed in the first
~10 ms postmerger, making the massive NS an efficient
emitter of GWs. Meanwhile, large amplitude quasiradial
oscillations induced during the merger lead to strong
quasiradial bouncing of the core. Since the kinetic energy
is efficiently dissipated at the merger in the central region,
the core rotates slower than the outer part, as illustrated in
the second column of the bottom panel in Fig. 1.

In addition, the radial bounce induces shocks at the outer
region of the massive NS during this stage, where the
kinetic energy is efficiently converted to the thermal energy.
This process produces a two “hot-spots” structure in the
specific internal energy around the core of the massive NS,
which is closer to the center compared with the fast-rotating
regions as depicted in the second column of the middle and
bottom panels of Fig. 1 (see also Fig. 2). The shocks are
also generated when the spiral arms hit the oscillating
massive NS. On the other hand, the core of the massive NS
is formed without experiencing the strong shock heating
and can be approximately described by the cold EOS.

From Eq. (7), we obtain the thermal energy

0.01 (60)

kT = 9.37(Tyy — 1)( “ih ) MeV.
The typical value of €3 = 0.03-0.04 at the shock region
can then be translated to a thermal energy of 20-30 MeV.
Since the spacetime rapidly approaches a stationary state
and the deformation remains relatively small, it is sensible
to consider azimuthal averages. For a quantity X(¢, r, 6, ¢),
the azimuthal-averaged value in the equatorial plane is
evaluated as

_ 1 2z
X(t.7) :271/) X<r,9:72[,¢>d¢.

In Fig. 2, we present the time evolution of the angle-
averaged rotational frequency Q/2x, thermal energy kgT,
and specific entropy S for the three binaries considered in
this work. We start our analysis from 20-30 ms after the
merger, and one can notice that the shown spatial distri-
butions remain nearly unchanged until the end of our
simulation since cooling and viscous effects are neglected
in the present work.

(61)
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FIG. 2. Angle-averaged rotational frequency Q/27 and
thermal energy kgT for the APR4-135135, MPA1-135135, and
SLy4-128128 binaries at different postmerger times. The three
subplots share a common set of labels displayed in the middle
panel, with the ticks representing the postmerger time corre-
sponding to the plotted curves.

The rotational frequency becomes significantly low in
the inner part (@w < 3 km) because the kinetic energy is
efficiently dissipated at the merger in the central region. A
sharp increase takes place at @ ~ 5-10 km, corresponding
to the ring structure in Fig. 1. The peak frequency depends
on the mass and radius of the NS in the binaries. For a given
mass, as the case for APR4-135135 and MPA1-135135, the
softer EOS gives rise to a higher peak frequency as the
merger remnant is more compact. The rotational frequency
in the envelope decreases monotonically and scales as the
Keplerian law for the disk, i.e., « @2 at @w = 15 km.
Note that the rotational frequency is quite similar in the
envelope among the three cases. The rapid rotation in the
envelope helps to balance the self-gravity of the massive
NS as first pointed out in Ref. [24] for rotating NSs,
and thoroughly studied in Refs. [124,126] by merger
simulations.

From the thermal energy distribution shown in the
middle panel of Fig. 2, one can observe that the central
region (w < 3 km) of the massive NSs is extremely cold.
The peak of the thermal energy appears at larger radii,
and compared to MPA1-135135, the maximal value of the

thermal energy is higher for APR4-135135. The tendency
indicates that the shock heating due to the quasiradial
bounce immediately after the merger is more efficient with
increasing compactness of the NS. The envelope of the
massive NS is repeatedly heated by the spiral arms, leading
to a roughly uniform thermal energy in the envelope, on the
order of 10 MeV.

According to the above discussion, the massive NS
approximately settles into an axisymmetric and quasiequi-
librium state at approximately 20-30 ms after the merger.
At this stage, the criteria (46) and (47) derived in Sec. II D
can be used to analyze the convective stability. Both
Criterion I and Criterion II involve two pairs of quantities
{p,A} and {0, ¢} with the former determining the stability
of spherical bodies against thermal buoyancy, and the latter
determining the stability in isentropic rotating bodies.

For simplicity, we examine the profiles of these quan-
tities on the equatorial plane. As nothing interesting is
observed about the angle-averaged pressure p, which
decreases outward as expected for hydroequilibrium, we
will focus on A, @, and ¢. Starting from the Schwarzschild
criterion A, in the top panel of Fig. 3, the generally
negative value of such (A, < 0) indicates stability against
thermal buoyancy for all the simulated models, with
exceptions observed in the model APR4-135135 at w ~
7 km during early postmerger and in the model MPA1-
135135 at w ~ 25 km in later postmerger stages.

We can look at this issue from another angle. Thermal
convection normally happens when the specific entropy has
a negative gradient. As shown in Figs. 1 and 2, the shock
heating due to the quasiradial bounce and later hydrody-
namical interactions creates a hot ring around the core, thus
resulting in a monotonic increase in specific entropy inside
the massive NS. For the stellar exterior, the thermal energy
decreases for larger radii. If the outer part is extremely cold,
then the corresponding specific entropy will also have a
negative gradient and trigger convection. However, this
envelope region is heated up by the spiral arm continuously
and has approximately uniform thermal energy, creating
a positive entropy distribution. In conclusion, the shock
heating due to quasiradial bounce at merger time cannot
produce a large enough specific entropy at the hot-ring
region and the spiral arm heats the disk region of the
massive NS up to high temperature. As a consequence, the
entropy gradient is always positive (cf., the lower panel of
Fig. 2), thereby preventing thermal convection.

We now analyze the effect of rotation from the angle-
averaged specific angular momentum # on the equatorial
plane. As shown in the middle panel of Fig. 3, the specific
angular momentum ¢ increases outward, and the behavior
can be explained by considering the rotation profile as
follows. Based on Fig. 2, the specific angular momentum
should increase from the center to the location where the
angular frequency reaches its maximum. Beyond that point,
the angular frequency decreases following a Keplerian-like
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FIG. 3. Time evolution of the angle-averaged radial component
of the Schwarzschild criterion A, (top), the angle-averaged
specific angular momentum ¢ (middle), and the angle-averaged
radial component of the orientation vector 6, (bottom) on the
equatorial plane for three different binary models. The horizontal
gray line in the top panel indicates the place where A,, = 0. The
three subplots share a common set of labels displayed in the
middle panel, with the ticks representing the postmerger times
corresponding to the plotted curves.

law (Q o« w/?). In Newtonian gravity, # — Qw?, which
yields the scaling of # « w'/? as depicted in Fig. 3.
References [83,84] show that for isentropic, stationary,
and axially symmetric rotating fluids, the orientation vector
0 is always positively oriented.' The radial component of
the orientation vector ., on the equatorial plane (bottom
panel of Fig. 3) remains positive almost everywhere except
for the central region of the massive NSs. In the Newtonian
limit, the radial distribution of 8, — 2Q/w closely resem-
bles the rotational frequency shown in the upper panel
of Fig. 2. At large radii, it follows the scaling relation
0., < w>/?. We suspect that the abrupt sign changes near
the star’s center are caused by larger numerical errors in the
differentiation of # and Q. Additionally, the massive NS is

'Only in the vicinity of Kerr black holes can the strong
curvature of spacetime cause the orientation vector to orient
inward [82,83]. However, in such cases, no equilibrium is
possible for the fluid.
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FIG. 4. Time evolution of the angle-averaged Schwarzschild
criterion, the Rayleigh-Solberg criterion, and Criterion I on the
equatorial plane for the three numerical models. The horizontal
gray lines mark the place where the quantities are equal to zero.
The three subplots share a common set of labels displayed in the
middle panel, with the ticks representing the postmerger times
corresponding to the plotted curves.

not in complete equilibrium, primarily due to the presence
of the m = 1 instability. This issue will be further discussed
in the next section.

B. Stability analysis

Although we have separately examined the
Schwarzschild and Rayleigh-Solberg criteria, the convec-
tive stability of massive NSs depends on Criterion I
(relativistic Solberg-Hgiland criterion) as a whole and
Criterion II. Figure 4 illustrates the time evolution of the
angle-averaged Schwarzschild criterion, Vp -A/(e + p),
the relativistic Rayleigh-Solberg criterion, 8- V¢, and
Criterion I in the equatorial plane. The Schwarzschild
criterion is nearly always satisfied, with weak violations
being observed in the model APR4-135135 at w ~7 km
during the early postmerger phase and in the model
MPA1-135135 at w ~ 25 km during the later postmerger
stages. Interestingly, this criterion exhibits an obvious
double-peak structure across all three models considered
in this study. By comparing with Fig. 2, we observe that
these peaks align with the inner and outer edges of the
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Snapshot of the Schwarzschild criterion value (first column), the Reyleigh-Solberg criterion value (second column), and the

Criterion I value (third column) in the x-z (first row) and x-y (second row) planes for the model APR4-135135 at postmerger time
t = 75.9 ms. The black dashed curve marks the place where the criterion value equals zero. The black solid enclosed curve represents

the density contour at rest-mass density p = 10'> gcm™.

thermal energy peaks, where the specific entropy gradient
is largest, thereby generating substantial buoyant forces.

As shown in the middle panel of Fig. 4, the Rayleigh-
Solberg criterion is nearly always satisfied, except for weak
violations at disk region with @=20 km. The criterion
peaks at @ ~ 5—10 km, where the specific angular momen-
tum increases sharply (see Fig. 3). In this region, the
restoring centrifugal force per unit mass is largest. At small
radii (w2 km) and large radii (wz 15 km), the Rayleigh-
Solberg criterion is approximately zero because the specific
angular momentum is nearly constant at these regions,
making the fluid element neutrally stable. It is clear that the
rotational effects dominate over the thermal effects in the
region with w10 km (see the scale of the vertical axis
of Fig. 4).

As shown in the bottom panel of Fig. 4, the overall
stability Criterion I is always satisfied because the rota-
tional and thermal effects enhance the stability to each other
for the massive NSs. One can notice that the region that
violates the Schwarzschild criterion can be convectively
stable because the restoring force due to rotation can
suppress the instability caused by thermal buoyancy.
Note that similar suppression of convection due to the
centrifugal force has also been observed in the disk of black
holes [80,81].

We also show the snapshot of the Criterion I in the x-y
and x-z planes in Fig. 5 for the model APR4-135135 at
postmerger time t= 75.9 ms. Both the Schwarzschild
criterion and the Rayleigh-Solberg criterion show insta-
bility regions in the x-y planes, but the overall stability is

guaranteed in most region. The central region of the
massive NS has locations that violates the criterion, which
is mainly caused by numerical errors since the region is
extremely cold and rotates slowly. In the x-z plane, the
polar region can violate the Schwarzschild criterion, but the
rotational effect suppresses the overall instability heavily.
The region that violates Criterion I along the z axis is likely
to come from numerical errors. The region that violates
Criterion I in both the x-z plane and x-y plane locates at the
place where the rest-mass density p < 10> gecm™, and it
does not have large impact on the central part if the
instability really develops. Actually, we observe from the
time evolution of the snapshot that the places that violate
the criterion quickly change on the rotation timescale and
the convection never develops globally. The animations of
Criterion I for the three numerical models can be found
at [127]. Our result is incompatible with Refs. [74,75],
where the Schwarzschild criterion is first violated in the
low density regions and quickly spreads out to the high
density part of the massive NS.

Figure 6 presents the angle-averaged Criterion II for
three numerical models. This criterion is consistently
satisfied, except for the SLy4-128128 case, where it is
violated approximately at 20-30 ms after the merger. The
most negative region of Criterion II is located at w ~ 5 km
across all three models, caused by the steep gradient of the
specific angular momentum. Animations of Criterion II for
the three numerical models are available at [127].

Although Criteria I and II are the only necessary
conditions for convective stability (the violation of either
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FIG. 6. Angle-averaged Criterion II for the three numerical
models. Ticks in the label represent the postmerger times
corresponding to the plotted curves.

criterion signifies a convective instability), they do serve as
practical indicators of stability. The key point is that these
violations are weak and intermittent, and do not evolve into
large-scale structures. These observations strongly suggest
that the system remains convectively stable. A resolution
study of the convective stability criteria is provided in
Appendix C.

IV. MODE AND GW ANALYSIS

Hydrodynamical instabilities in the postmerger phase
can have a large impact on both GWs and electromag-
netic radiation. References [74,75] report that the domi-
nant quadrupolar m = 2 f-mode diminishes at 30-50 ms
after the merger, depending on the model. Afterward, the
convective instability, as determined by the Schwarzschild
criterion, excites global, discrete m = 2 inertial modes that
persist for tens of milliseconds. They proposed that these
modes can be detected by third-generation GW detectors at
frequencies of a few kilohertz, offering a unique oppor-
tunity to probe the rotational and thermal states of the
merger remnant. Confirming this finding in independent
simulations is critical to validating their existence.

A. Putative m =1 excitation and concerns

We quantitatively characterize the density configuration
of the remnant massive NSs by computing the following
modes,

C,= /pW\/feim¢d3x, (62)

in the c.m. frame of the massive NS with the coordinate

. 1 )
X = Mo/x’pW\/?d3x. (63)
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FIG. 7. Postmerger time evolution of the normalized density
projection, |C,,|/Cy (top), the GW luminosity, Lé”{,\, (middle), and

the linear momentum violation, \/P% + P; (bottom) for both

m =1 and m =2 modes across the three numerical models.
The top and middle panels share the same labels. Note that the
postmerger time for the middle panel is the retarded value
at ry = 480M .

In the top panel of Fig. 7, we depict the postmerger time
evolution of C; (dashed) and C, (solid), normalized by Cj,
for the three models. The m = 2 mode dominates during
the first ~10 ms but gradually decreases. In contrast, the
m =1 mode seeded at the merger grows exponentially
and saturates after 210 ms has lapsed. It appears that the
m = 1 modes are not damped by hydrodynamical proc-
esses, and instead persist to the termination of simula-
tions for all the considered models. This one-armed
instability has been observed in many different BN'S merger
simulations [50-55].

The excitation of modes will lead to the emission of
GWs with the same azimuthal quantum number m. We
display the luminosity of the m = 1 and m = 2 components
of GWs in the middle panel of Fig. 7. After the merger, the
GW luminosity of the m = 2 mode gradually decreases,
while that of the m = 1 mode grows exponentially and
persists until the end of our simulations, although the
luminosity of the m =1 mode is always subdominant.
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The behavior of both components closely resembles that
of C,,. The correlation between the two is also seen in
Refs. [50,54,55] for equal-mass BNS mergers.

Although the physical origin of the m = 1 one-armed
instability remains unclear, many studies [S0-55] have
suggested that this instability is generic and may be
observable with next-generation GW detectors. However,
we emphasize two critical considerations that must be
addressed before confidently interpreting the origin of this
instability:

(i) It is essential to ensure that the numerical code used
in simulations is free from bugs or artifacts that
could artificially break the z-symmetry, leading to
spurious results.

(i) Any genuine physical instability dominated by the
m = 1 mode—such as the Papaloizou-Pringle insta-
bility [128]—must inherently conserve linear mo-
mentum. Therefore, demonstrating linear momentum
conservation is a necessary condition to establish the
physical nature of the one-armed instability.

To address the first point, we propose a symmetry-
preserving test to demonstrate that the z-symmetry is
perfectly maintained without explicitly imposing it under
specific conditions. This test requires specifying a compiler
option to control round-off errors. For Intel Fortran, the
recommended option is -fp-model strict. The ID
should exhibit z-symmetry to machine precision. We
must also implement a symmetry-preserving technique
described in Appendix A in our numerical evolution code
SACRA-MPIL.

Figure 8 plots the linear momentum in the x and y
directions as functions of ¢ starting from the merger time.
The linear momenta along the x- and y-axes are defined as

P, = / VTPWhudx, i=xory. (64)

The z-symmetry is perfectly preserved from the inspiral
to the postmerger phase. Therefore our code passes through
the symmetry-preserving test. Because this test is necessary
to explore the origin of the one-armed spiral instability, we
strongly recommend that readers perform this test.

TABLE IL
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FIG. 8. Linear momenta as functions of time are evaluated in

the symmetry-preserving test for the APR4-140140 model, with
an initial orbital separation of 45 km and a grid resolution of
N = 50 for each refinement domain. To present the vertical axis
on a logarithmic scale, a small offset is added: 10~13 for the solid
line and 107! for the dashed line. The solid and dashed lines
represent the x- and y-components of the linear momentum,
respectively.

As for the second point, the conservation of linear
momentum in a simulation with a mesh refinement tech-
nique, such as the nested grid commonly used in the
numerical relativity community, is generally nontrivial due
to the mass going across the refinement boundaries after
the merger (see Appendix B for more detail). In the lower
panel of Fig. 7, we present the linear momentum violation

\/Pi+ P2 for the models considered in this work.

Interestingly, the overall evolution of the violation of linear
momentum conservation closely resembles that of the
m =1 mode amplitude shown in the top panel as well
as the m = 1 GW luminosity presented in the middle panel.
The numerical results obtained with different grid reso-
lutions are presented in Fig. 14 of Appendix C.

It is observed that both the m = 1 mode and the linear
momentum violation grow exponentially after the merger,
exhibiting a similar behavior regardless of the grid reso-
lution. We evaluate growth timescale by fitting the data to
an exponential function A exp (6(f — fyereer)). The results
are shown in Table. II for the numerical models listed in

Growth rates along with their uncertainties, and Pearson correlation coefficients for different numerical models. The

columns list the numerical model with grid resolution, the selected postmerger time window for fitting, the fitted values of o,,, 6gw,
and osp with their respective 1o uncertainties, as well as the Pearson correlation coefficients C),(log(|C;|/Cy),log(6P)), and

C,(log(Lgy). log(sP)).

Model Time window [ms] 6, [ms™'] ogw [ms™!] o5 [ms™!] Cp(log(%), log(P)) C,(log(LEy).log(5P))
APR4-135135 (N = 62) 0.1-7.1 143 +£0.02 297+0.03 1.61 +0.02 0.91 0.94
APR4-135135 (N = 86) 0.1-7.4 1.59+0.01 3.134+0.03 1.154+0.01 0.80 0.80
APR4-135135 (N = 102) 0.1-3.7 1.57£0.02 3.00+0.03 1.47+0.02 0.80 0.85
SLy4-128128 (N = 86) 0.1-7.0 1.92+0.01 3.53+£0.02 1.71 £0.01 0.95 0.93
MPA1-135135 (N = 86) 0.1-10.9 1.17+0.01 1.67+£0.02 1.07£0.01 0.74 0.81
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Table. I, where 6,,, ogw, and os5p denote the growth rates
of the m =1 mode, the luminosity of the GW in the
m = 1 channel, and the violation of the linear momentum.
We set the postmerger time window starting from
I — Iperger= 0.1 ms to the position where the luminosity
of the GW in the m = 1 channel reaches its peak.

Given two time series, X and Y, the Pearson correlation
coefficient, C,(X,Y), is defined as

Ji (X = (X)) (Y = (¥),)dt

Cp(X.Y) = (65)
I = 0[] (v - (1),

where (), denotes the time average. To quantify the simi-
larity, we compute the Pearson correlation coefficient
C,(log(|C,|/Cy).log(6P)) between the m = 1 mode and
the linear momentum violation, as well as C,(log(Lgy).
log(6P)) between the luminosity of the gravitational waves
in the m = 1 channel and the linear momentum violation in
the selected time window. The results, listed in Table. II,
show consistently high correlation values (larger than 0.80
except for C,(log(|C|/Cy).1og(6P)) of MPAI-135135
case), suggesting that the growth of the m = 1 mode and
the violation of linear momentum conservation might be
highly correlated. Therefore, we cannot rule out the possi-
bility that this instability has a numerical origin, at least for
nonspinning symmetric BNS mergers reported in our study
and in the literature [50,54,55]. Since the m = 1 instability
is not the central focus of this work, we will not delve
deeper into it here, but the true origin of this instability
warrants further investigation in future studies.

B. Characteristic frequencies

The inertial modes can be classified as either polar-led
gravitoinertial modes [129,130] or axial-led inertial modes
that reduce to the r-modes in the slow rotation limit [67].
The polar-led modes have a mixed inertia-gravity character
and are restored by both Coriolis force and buoyancy inside
rotating and stratified NSs [131,132]. They typically
behave as g-modes in the slowly rotating limit, where
buoyancy dominates the Coriolis force. For higher rotation
rates, the effect of the Coriolis force is enhanced and
eventually overpowers the buoyancy beyond a given stellar
spin. In such a regime, this class of modes exhibits the
properties of the inertial modes of barotropic models.

The mode classifications of merger-remnant massive
NSs are still lacking (but see Ref. [62] for a Newtonian
study). As a preliminary effort, we analyze the mode
characteristics on the equatorial plane using dispersion
relations. Considering that a fluid ring is slowly displaced
from w; to w, = w; + Aw in an axisymmetric manner
while maintaining a fixed specific angular momentum 7,
the total radial acceleration experienced by the ring is

A = 12 [000u? + (e + p) ' 0ypA, | Aw.  (66)
An acceleration directed away from the original position
(A,/Aw > 0) indicates convective instability, while one
directed back (A,/Aw <0) suggests stability [cf.,
Criterion I (46)]. The corresponding angular frequency
of the oscillation,

0 = -A,/Aw = N> + 2, (67)
is determined by the relativistic BV frequency,
N2 = o (e + p) 7 0y PA,, (68)
and the relativistic epicyclic frequency,
K2 = yol?0,.0. ¢, (69)

in the local frame of the fluid ring. The former characterizes
the g-mode oscillations [133—135], while the latter char-
acterizes the inertial mode oscillations [79,136]. In
Newtonian gravity, the above expression for « reduces to
K* = 2Q(2Q + wdQ/dw), which becomes x = 2Q for the
uniform rotation and k = Q for the Keplerian rotation.
Figure 9 shows the angle-averaged profiles of N and kx on
the equatorial plane for the three models at t = 80 ms after
the merger. The square of the BV frequency exhibits two
peaks around the maximum of the thermal energy shown in
Fig. 2 where the entropy gradient is largest. Another peak
around w=~18 km for the APR4 model can be attributed to
the heating efficiency increases around this place as shown
in Fig. 2. The epicyclic frequency has one peak around the
maximum of the rotational frequency. The radial depend-
ence of the frequencies is similar to the top and middle
panels of Fig. 4 because the Criterion I results from the

™

12F T T T T
% —— APR4 N?/4n?

10k bl - APR4 x?/47%
AN —— MPAI N?/4n?
AN ——— MPAI /4?1
Y —— SLy4 N2/4x?
\ ——— SLy4 k2/4n® ]

Square of frequency [kHz?]
[=2]

@ [km]

FIG. 9. Angle-averaged BV frequency (solid) and the epicyclic
frequency (dashed) on the equatorial plane for the three numerical
models at postmerger time t = 80 ms. Here, we divide the quan-
tities by 4z° to represent the values for the square of frequency.
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FIG. 10. Amplitude spectrum density (ASD) of the mass
projection for the / = m = 2 mode C,(f) (top) and the effective

amplitude of GWs hg(f) (bottom) for the APR4-135135 model
at different postmerger time window. The luminosity distance of
the BNS is taken as 50 Mpc.

force balance equations. The epicyclic frequency is much
larger than the BV frequency in the region of @w <10 km, by
the factor of ~6-8. This indicates that the Coriolis force
dominates over the thermal buoyant force. Around the
second peak of the BV frequency, the rotational restoring
force decreases sharply, and the BV frequency is larger than
the epicyclic frequency; i.e., these two frequencies become
comparable (except for APR4 model), and then, they
approach zero at larger radii @=20 km.

Overall, the oscillations of inertial modes, including
polar-led gravitoinertial modes and axial-led inertial
modes, in most regions of the massive NS are primarily
x 101
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=) 0.75
w of ] 5E 1172
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. e
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x [km] z [km]
FIG. 11.

x1013

influenced by rotational effects. As shown in Fig. 9, the
characteristic frequency, /2, of the inertial modes ranges
from approximately 2.3-3.4 kHz within the massive NS,
depending on the EOS and total mass. This rough estimate
aligns with previous perturbative studies for uniformly
rotating NSs [62,131,132] and numerical simulations
[74,75]. The question, however, is whether the inertial
mode can reach a substantial amplitude without the
presence of convective instability. We will address this
in the following section.

C. No excitation of observable inertial mode

In Refs. [74,75], the m = 2 inertial mode is excited
following an initial phase of 10-20 ms, during which the
dominant mode of the massive NS and the primary source
of the GW emission is the m =2 f-mode. This inertial
mode excitation lasts for several tens of milliseconds, also
emitting GWs. To assess whether inertial modes were
excited in our simulations, we perform a Fourier analysis
of the m = 2 mass projection, C,, and the GW amplitude in
the I = m = 2 channel, h,,, for the APR4-135135 model,
as shown in Fig. 10. Additionally, in Fig. 11, we present
the eigenfunctions corresponding to the dominant peak
observed in Fig. 10.

The eigenfunctions validate that the dominant peak
appearing in the Fourier spectrum of GWs and matter
projections is the f-mode. The amplitude of this mode
gradually decreases. The oscillations of the NS can be
divided into two stages: an early postmerger phase
(0 <1 = fperger < 20 ms), where the GW emission is pri-
marily characterized by the dominant m = 2 f-mode, with
subdominant frequencies at the nonlinear coupling fre-
quency of the quadrupolar f-mode and quasiradial oscil-
lations (see Refs. [33,34] for details). In the later phase,
quasiradial oscillations dissipate due to hydrodynamic
interactions, leaving the f-mode as the dominant oscillation
in the m = 2 channel.

t € [60 ms, 70 ms] %1012 t € [87ms, 97 ms] x1012
ok il, 1ok 180
5F E 5F [ E
_._A_L_A_._lA_._ =2
10F 1 10 ]
- ! ~
M B EEE N
—10F E I4 —10F 1
=T 0 10 ~o 0 10
 [km] x [km|

Eigenfunction of the m =2 mode in the x-y (lower) and x-z (upper) planes, respectively, for the APR4-135135 model

obtained from different postmerger time window (see the top of the figure). Note that the ranges of the color bars are different

for each panel.
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FIG. 12. Time-frequency map of hy, for three numerical
models.

Comparing the top and bottom panels of Fig. 10, we
observe consistent features shared by the matter projection
and GW signals. This alignment supports the accuracy
of the quadrupole formula for the GW emission, which
has been validated by numerous studies in supernovae
[137,138] and binary NS mergers [139,140].

Figure 12 presents the spectrogram of GWs for the three
numerical models. The GW strain exhibits similar charac-
teristics across the models: an early postmerger phase
dominated by the f-mode with additional side band
imprints due to nonlinear couplings, followed by a late
postmerger phase where only f-mode dominance remains.
In the MPA1-135135 model, the GW strain shows some
low-frequency band features even in the late phase of
t 2 100 ms, but these are 2-3 orders of magnitude smaller
than the f-mode component.

Overall, we do not observe strong evidence of inertial
mode excitation which was suggested in previous studies in
Refs. [74,75,141]. If, as suggested by these references,
inertial mode excitation is driven by convective instability,
our results can be understood by noting that the massive
NSs in our simulations do not develop large-scale con-
vective instability regardless of whether we use the
Schwarzschild criterion or Criteria I and II, including
rotational effects.

V. SUMMARY AND DISCUSSION

In this paper, we examine the convective stability and
mode characteristics of massive NSs using fully general-
relativistic hydrodynamical simulations of BNS mergers
and adopting the piecewise APR4, SLy4, and MPA1 EOSs
augmented with a I'-law thermal component. These sim-
ulations were performed using our latest version of the

hydrodynamics code for approximately 120 ms postmerger.
Applying the stability criterion for hot, differentially
relativistic rotating stars [82,84], we find no evidence
of large-scale convective instability in the massive NSs,
nor any excitation of inertial modes after the quadrupolar
f-mode damped within ~20 ms postmerger. Our results are
incompatible with those in Refs. [74,75,141], in which the
Schwarzschild criterion is violated firstly around p ~
10"3-1% gecm™ and quickly develops to higher density.

In merger simulations [55,74,75] and studies of rotating
NSs with nonbarotropic thermal profiles [68], convective
stability is often assessed using only the Schwarzschild
criterion. However, given that the merger remnant exhibits
rapid rotation and a high degree of differential rotation, the
rotational restoring force should also be incorporated into the
convective analysis. This necessitates the use of the Solberg-
Hgiland criterion [116], which considers both buoyant
and rotational restoring forces. Since general relativity
effects are significant in the NSs, we derive the relativistic
Solberg-Hgiland criterion for axisymmetric, hot, and differ-
entially rotating fluids, namely Criterion I and Criterion IT in
Egs. (46) and (47), following the pioneering work by Seguin
[84], and employ the criterion to the massive NS for the first
time. The entropy has a positive gradient although the
thermal energy exhibits a peak around p ~ 10" gem™.
As a result, the angle-averaged Schwarzschild criterion is
satisfied for most regions inside massive NSs. The angle-
averaged specific angular momentum increases outward and
provides restoring force for perturbed fluid, which makes the
massive NSs more stable against convection. The enhance-
ment of convective stability due to rotation has also been
observed in black hole disks [80,81] because the specific
angular momentum also increases outward.

We also specifically studied the stability on the x-y and
x-z planes. Most regions that have negative entropy
gradient/negative gradient of specific angular momentum
have been compensated to positive gradient of the specific
angular momentum/positive entropy gradient, eliminating
the instability. On the x-y plane, the region that violates the
criterion appears at the shocked region created by the spiral
arms, but it quickly changes the location on dynamical
timescale, and does not propagate to a large scale. On the
x-z plane, the density of regions that violate the stability
criterion is generally smaller than ~10'> gcm™ for our
numerical models, and has little impact on the global
dynamics of the massive NSs.

The inertial modes may be excited by convective
instability [74,75], and have a mixed character of gravity-
inertial waves. We found that the inertial modes should be
dominated by rotation effects in the high density part of the
massive NSs. In the disk region with radii @z 15 km, the
BV frequency and the epicyclic frequency are comparable,
and the inertial modes may have a mixed feature of inertial
and gravity waves. Using the mass projection in azimuthal
quantum number, we do not observe large-amplitude
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TABLE IIL

The main differences of our work compared to De Pietri et al. [74,75] and Radice and Bernuzzi [55]. Here PWP denotes

Piecewise Polytropes; PPM denotes the Piecewise Parabolic Method; HLLE denotes the Harten-Lax-van Leer-Einfeldt approximate
Riemann solver; WENOS denotes the fifth-order Weighted Essentially Non-Oscillatory reconstruction; MP5 denotes the fifth-order
Monotonicity-Preserving reconstruction; DD2 denotes a specific density-dependent relativistic mean-field EOS.

Reconstruction at Convective Inertial

Literature EOS Evolution code cell interface Convection criteria® instability —modes

Our work Hybrid EOS (4-segments ~ SACRA-MPI [93,101] HLLC + PPM Relativistic Solberg- No No
PWP [85], 'y, = 1.8) Hgiland [84]

Refs. [74,75] Hybrid EOS® (7-segments  Einstein Toolkit [144] HLLE + WENOS5  Schwarzschild [115] Yes Yes

PWP [85], T, = 1.8)

Tabulated EOS® DD2
[145,146]

with z-symmetry

Ref. [55]

THC M1 [147,148] Finite difference + MP5

Ledoux [149] No No

*The numerical simulations are carried out for equal-mass binaries described by the APR4, H4, MS1, and SLy EOSs, each with a

component baryonic mass of My = 1.4M. The finest grid resolution is A

= 136 m in the SLy-128128 model.

Xfinest

The neutrino-radiation hydrodynamic simulations are carried out for an equal-mass binary with the component mass M = 1.35M .
“The relativistic Solberg-Hgiland criterion used in this work accounts for both differential rotation and thermal gradients. In contrast,
the Schwarzschild criterion adopted in Refs. [74,75] includes only thermal gradients. Both references neglect compositional gradients
because the simulations employ hybrid EOSs. Ref. [55] uses the Ledoux criterion, which incorporates both thermal and compositional

gradients but ignores rotational effects.

inertial-mode oscillations. Correspondingly, [ =m =2
GWs are always dominated by the f-mode oscillation.
The reason is simply that the massive NSs in our simu-
lations do not develop large-scale convective instability
according to the correlation of the convective instability
and excitation of inertial modes proposed by Refs. [74,75].

In addition, we observe an m = 1 one-armed instability
in the postmerger stage for all three numerical models,
consistent with previous BNS simulations [50-52,54,56].
We employ the symmetry-preserving technique for the first
time in numerical-relativity simulations to demonstrate that
our code is free from any bugs that could artificially break
z-symmetry. It is worthwhile to note that the growth of
m =1 mode amplitude after merger correlates strongly
with the violation of linear momentum conservation. It is
thus possible that this instability has a numerical origin. A
linear perturbation analysis is awaited to investigate whether
the one-armed spiral instability in the merger remnants is a
physical reality. A dedicated numerical technique to ensure
linear momentum conservation in simulations is also needed
to prevent possible artifacts [142,143].

In the present work, we adopt a I'-law thermal compo-
nent and neglect the effects of microphysics and magnetic
fields for simplicity. However, these assumptions may
influence our conclusions. In reality, Iy, may depend
strongly on density and temperature [41,42,95-97], which
could significantly impact the thermal buoyancy within the
massive NSs. For instance, if T’y is substantially larger
around the hot ring with temperature peaks compared to the
outer regions, as shown in Figs. 1 and 2, it might lead to
a negative entropy gradient. However, we are uncertain
about stabilizing effects of rotation under such conditions.
Including microphysics would introduce buoyancy effects
due to compositional gradients, which can be incorporated
into our criteria directly. Radice and Bernuzzi [55] examined

the convective instability of the massive NSs in general-
relativistic neutrino-radiation hydrodynamics simulations of
BNS mergers. Using the Ledoux criterion, which accounts
for both thermal and compositional gradients, they con-
cluded that the star is stable against convection.

We have discussed how our physical results differ from
those of Refs. [55,74,75]. As emphasized in the Introduction,
the present work serves as an independent study rather than a
one-to-one comparison. Nevertheless, it is useful for the
reader to have a concise overview of the differences among
these works. For this reason, we include in Table III a
summary of the key distinctions, such as the adopted EOS,
evolution codes, reconstruction of hydrovariables at the cell
interface, convection criteria, and main results.

The influence of magnetic fields on the convective
stability is not clear. One established effect is that effective
viscosity from magnetohydrodynamics turbulence rapidly
eliminates differential rotation in the massive NSs on the
viscous timescale. References [150,151] modeled this
effective viscosity using the viscous a-parameter, showing
that differential rotation in the massive NSs is significantly
reduced within <5 ms if @ ~ O(1072). As a result, the core
of the massive NS transitions to nearly uniform rotation,
which has a stabilizing effect against convection due to the
outwardly increasing specific angular momentum in uni-
form rotation. Future research incorporating more realistic
thermal behavior, microphysics, and magnetic fields is
essential to give a more definitive conclusion.

Numerical computations were performed on the clusters
Sakura, Cobra, and Raven at the Max Planck Computing
and Data Facility.
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APPENDIX A: DETAILS ON SYMMETRY-
PRESERVING TECHNIQUES

This appendix describes a symmetry-preserving tech-
nique with which the z-symmetry is preserved to machine
precision in the symmetry-preserving test.

1. Prolongation

We need a prolongation with the mesh refinement
technique, i.e., the interpolation from a coarser nested
grid domain to a finer nested grid domain. For example,
for simplicity, we consider the second-order Lagrange
interpolation in the staggered grid in one dimension.
Generalization to a higher-order Lagrange prolongation
or the prolongation with a limiter function such as WENOS5
is straightforward. Also, for simplicity, we assume the
coordinate origins for the nested domains coincide, which
is not necessarily the case in simulations. Figure 13 plots a
schematic picture for the prolongation at j and —j — 1 in a
child (finer) nested grid domain. J and —J — 1 denote the
grid index in a parent (coarser) nested grid domain.
Normally, a scalar quantity g at j and —j — 1 in the child
domain is interpolated by

x=0

15

5 3
qj:3_2QJ—l+EQJ_3_2QJ+1’ (A1)

3 15 5
q-j—1 = _3_2Q—J—2 + 1_6Q—J—1 + 3_2Q—J7 (A2)

in the code with the “do” loop in Fortran or the “for”” loop in
C in terms of j where Q is the data in the parent domain.
However, this way of the prolongation does not guarantee
that g; and g_;_; agree to machine precision even if Q
satisfies a symmetric condition, i.e., Q; ;1 = Q_;,0; =
O_j_1, and Qy. | = O_;_, because the adding order is
different in Egs. (A1) and (A2). In our code, we implement
the prolongation for g_;_; by

5 15 3
9-j-1 = 35 0+ 16 Q j1-— 3 0,2 (A3)

to make the adding order the same as in Eq. (A1). With this
prescription, g; = g_;_; for the scalar quantity g is guar-
anteed to machine precision in the symmetry-preserving
test if Q satisfies the symmetric condition. It also holds for
the vector and tensor quantities except for the sign.

2. Riemann solver

We implement a similar technique to our Riemann
solver. For example, the HLLC Riemann solver requires
to calculate the Harten-Lax-van Leer [107,152], as follows:

}j%’ A

where 1,z OY/F, and F(Q) are the characteristic speed,
the conserved quantity, and physical flux in the left/right
state at the cell interface of x 4L (see Ref. [107] in detail),

HLL _ {’IRQR - 4,0 + F(Q") - F(0")

S =
Jt3 AR_/lL

respectively. In our implementation, we change the order of
the calculation for j < 0 by

QHLL — {_ALQL + AgOR — F(OR) + F(QL)} (AS)

) _)“L + AR

j—

I—

J+1

[ ) Parent domain

FIG. 13.
domain and child domain, respectively.

° [ ) Child domain

j

Schematic picture of prolongation in a cell-center nested grid. J and j denote the grid indices in the x-direction in a parent
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With it, it is guaranteed that ?ﬁ} = QI_{]L_L3 for the scalar quantity Q to machine precision in the symmetry-
2 2

preserving test. It is also guaranteed for the vector quantity except for the sign. Thus, the numerical flux obtained by
the Riemann problem also satisfies this property.

APPENDIX B: THE LINEAR MOMENTUM VIOLATION IN MESH REFINEMENT

The extent to which the linear momentum is conserved in a simulation is crucial. In this Appendix, we demonstrate that
any numerical relativity simulations with a mesh-refinement technique, such as the nested grid, cannot avoid the violation of
linear momentum conservation. Let us consider the discretized form of the equation of motion of the x-component of the
momentum:

(\/?Fi)jﬁ.k,l_ (\/77F )j——kl (Wﬁgg)j.l&%ﬁl_(\/?F%)jﬁk—%,l (ﬁﬁi)j,k,H%_ (Wﬁfé)j.kz—%_ -
Ax Ay + Az - (Mx)j,k.l’

0;(Sx) j kst (B1)
where S, = |/ypWhu, and Fi(i = x,y,z) is a numerical flux. M, is a source term (see Ref. [107] for the detailed finite
volume method, and the concrete expressions for the numerical flux and source terms). The indices J» k, and [ denote the
grid point in the x-, y-, and z-directions, respectively, e.g., x; = (j + %)Ax with j = =N, . - 1.

As a representative term in the source M, we pick up —S,d,a where S, = VIPW(hW — ) The following discussion

can be applied to the other terms in M. First, we consider a single numerical domain, i.e., no mesh refinement. We integrate
Eq. (B1) by

N-1
0,(Sy) jAxAyAz + Z { \/77F§)j+;.k,z - (\/?Fﬁ)j_%,k.l}AyAZ
jkI=—N Jok == i
N-1 ~ -
+ Z {(\/}7F§‘>j,k+%,l (\/_F ) k— 11}AXAZ + Z { \/_F jkl"rz (ﬁFi)/,kl—%}AxAy
jkI=—N jk =N
Nl Oji gl — 01 k1
- _ Z (So)j’k’l%AyAz + (the other terms), (B2)
jk =N

where we adopt the second-order finite difference expression for d,a, but the generalization to higher-order finite difference
is straightforward. The second, third, and fourth terms on the lhs vanish where we assume no flux at the boundary, e.g.,
(F3)_n_1/240 = 0 = (F¥)x_1 24, The sum in the rhs is decomposed into

N-1 1 1
(rhs) = — (Z —l—Z)(Z —I—Z) S0) k1 j+1k12 AL PR Ay Az 4 (the other terms)
I=—N “k=—N = Jj=— j=0
N=1 N=1 N=1 N—1 N- 1
(Sy) QX_j =10 — O—j—2 —k'—1 O_j kil — C—j-2kl
Z ZZ 0)—jmt—k-11 > L+ )yt 3
[=—N Li’=0 j'=0 k=0 /:O
N—-1 N—1 N—1 N—1
a 1= Ay a; —-a;
=K =11 — Xj1 k=11 Lkl — X1kl
+ (S0)—r-1. > + Z (8041 f] AyAz + (the other terms)
K¥=0 j=0 =0 j=0
N=1 [N—=1 N—1 N—1 N—1
o 1=y ’ o -y
LK T ALK =1 —k=1,0 ~ ¥ 1,—k=11
[ (S0)jx > + ZZ (S0) j —k=1. >
I==N L¥=0 j/=0 k=0 j'=0
SRS 1—k-11 1,-k'-1,1 = Lkl — Fj-1kl
+ ! - ]— / + - J
+ (S0)j -1, > + Z Z So) ,klf] AyAz + (the other terms)
=0 j=0 =0 j=
=0, (B3)
where we replace the index from j (resp. k) to j' = —j—1 (resp. ¥ = —k — 1) in the second equality and we use a

m-symmetry condition Q ;= Q_y_y _y_;; where Q = S, or « in the third equality. The important point is that the
z-symmetry condition is realized to machine precision in the symmetry-preserving test described above. As a consequence,
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the volume integration of S, is preserved, i.e., the linear
momentum conservation. This proof also holds in a mesh
refinement case. Note that we need the reflux prescription
for the second, third, and fourth terms on the lhs of Eq. (B2)
to be canceled out.

However, in general,2 this is not guaranteed because the 7-
symmetry condition is not realized numerically due to noise,
e.g., the round-off error, even if we employ an ID which
possesses the z-symmetry and the symmetry-preserving
technique described in Appendix A. In particular, when the
source term M, is evaluated, the finite difference error
abruptly changes at the refinement boundary due to the 2: 1
refinement algorithm. Therefore, the noise is significantly
enhanced near the refinement boundary. As a result, the
violation of the z-symmetry condition is significant there
and leads to the violation of linear momentum conservation.

APPENDIX C: RESOLUTION STUDY FOR THE
APR4-135135 MODEL

In this appendix, we present the resolution study of the
m =1 one-armed instability, criteria of the convective
stability, and the GW spectrum for the APR4-135135 model.

In Fig. 14, we show the density projection C,,, the GW
luminosity L%, and the linear momentum violation for
three different grid resolutions: N = 62, 86, and 102. The
amplitude of the m = 1 mode and the linear momentum
violation exhibit exponential growth after the merger,
independent of the grid resolution. However, compared
to the canonical resolution of N = 86, the m = 1 mode
amplitude reaches a higher saturation level for the cases
with N = 62 and N = 102.

The angle-averaged Criterion I and Criterion II on the
equatorial plane for three resolutions are presented in Fig. 15.
Both criteria are largely maintained across most regions at
different postmerger times. Figs. 16 and 17 further illustrate
snapshots of Criterion I on the x-y and x-z planes for grid
resolutions N = 62 and N = 102. The results are consistent
with the N = 86 case, except for a larger violation of the
criterion at the center of the massive NS. This discrepancy
arises from the larger amplitude of the m = 1 mode at that
moment for N = 62 and N = 102, leading to a nonaxisym-
metric structure in both the density and rotational profiles.

In Fig. 18, we show the ASD of GWs in the m =2
channel for the three resolutions. The GWs are consistently
dominated by the f-mode, without excitation of other
modes. The frequency of the f-mode gradually increases
over time due to the contraction of the massive NS. While it
can be observed that the peak frequency migrates to a lower
value at postmerger time 7 — fyeroer ~ 80 ms for N = 62,
the low-resolution results might not be very reliable in the
late stage of the evolution.

*For example, with an optimization compile option without
-fp-model strict.
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FIG. 14. Postmerger time evolution of quantities for both
m =1 and m = 2 modes across the three different resolutions
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\/ P% + P; (bottom). The top and middle

panels share the same labels. Note that the postmerger time for
the middle panel is the retarded value at ry = 480M .

momentum violation,

2

Criterion 1[M_?]

6

o}

=
7 ]
= 20 40 60 80 100 120 ]
E 20 40 60 80 100 120 4
é 20 40 60 80 100 120
= r 7 t — tmerger [IHS] 1
] 5

] T N R S T

5 10 15 20
o [km]
FIG. 15. Postmerger time evolution of Criterion I (upper) and

Criterion II (lower) of the convective stability for the three
different resolutions with N = 62, N = 86, and N = 102.

023011-20



CONVECTIVE STABILITY ANALYSIS OF MASSIVE NEUTRON ...

PHYS. REV. D 113, 023011 (2026)

Vp-Af(e+p) 0.005

o

0. VUM

Criterion 1[M37]

0.004

2z [km]

0.003

40.002

70.001

y [km]

50.000

—
~0.001

2 [km] 2 [km)] 2 [km)]
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