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CrossMark
Abstract

The scalar—tensor theory can be formulated in both Jordan and Einstein frames,
which are conformally related together with a redefinition of the scalar field.
As the solution to the equation of the scalar field in the Jordan frame does not
have the one-to-one correspondence with that in the Einstein frame, we give
a criterion along with some specific models to check if the scalar field in the
Einstein frame is viable or not by confirming whether this field is reversible
back to the Jordan frame. We further show that the criterion in the first parame-
terized post-Newtonian approximation can be determined by the parameters of
the osculating approximation of the coupling function in the Einstein frame and
can be treated as a viable constraint on any numerical study in the scalar-tensor
scenario. We also demonstrate that the Brans—Dicke theory with an infinite
constant parameter wgp is a counterexample of the equivalence between two
conformal frames due to the violation of the viable constraint.
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1. Introduction

General relativity (GR) is a great theory as its predictions agree well with experiments. How-
ever, some strong-field phenomena may deviate from those of GR Jordan proposed a scalar
field which couples to the spacetime curvature to fulfill the hypothesis about the variation of
the constant of gravitation [1, 2]. Bergmann [3] and Fierz [4] used the Kaluza—KlIein theory
[5] to get an effective gravitational constant. Among various alternative gravity theories, the
scalar-tensor (ST) one is the most natural extension to GR since it can be obtained by reducing
a higher dimensional theory into a four dimensional one together with a scalar field.

The most famous formulation of the ST theory was done by Brans and Dicke (BD) [6,
7], in which GR is explicitly modified by introducing a scalar field variably to determine the
universal Newtonian coupling. Subsequently, the BD theory was generalized by Bergmann [8]
and Wagoner [9] to include a scalar potential, which has been widely used to realize inflation
and the late-time cosmic acceleration of the Universe. Damour and Esposito-Farese [10] further
extended it with couplings between gravity and multi-scalar fields, in which, besides the tensor
gravitational field, one or more scalar fields are added in the gravitational sector with non-
minimal couplings.

There are two formalisms of the ST theory. One is given in the so called Jordan frame,
where the scalar field ¢ couples non-minimally to the Ricci scalar R but not directly to matter
with the kinetic term for the scalar field involving an arbitrary function w(¢). The other is in
the Einstein frame, where the canonical scalar field ¢ is introduced to minimally couple to the
Ricci scalar R*. The later one makes the field equations mathematically less complicated due
to the separation of the second-order derivatives of the gravitational variables gj,, and ¢, but
the matter couplings depend on the scalar field. In order to have a frame transformation, we
need to assume that each scalar field is a functions of the other. In other words, we should have
(i) to rephrase the system from the Jordan frame into the Einstein one, and vice versa. The
connection between these two frames is through a Weyl (conformal) transformation by taking
the Jordan frame metric g, into the Einstein frame one gj,,, together with a redefinition of the
original scalar field ¢ into ¢ to have its kinetic term being a canonical form.

The Einstein frame is convenient to perform the numerical simulations and transparent to
discuss the cosmological applications. However, the issues on the physical interpretation and
equivalence of these two frames have been debated for a long time (e.g. [11, 12]). On the other
hand, there has been much less attention to the redefinition of the scalar field. In spite of many
efforts to show that these two conformal frames are equivalent, in general there are mainly two
problems from the redefinition of the scalar field, which are shown as follows:

(a) The existence of the Einstein frame is determined by whether the scalar field ¢ can be
described in terms of the new field (. Furthermore, we need to transform the system back
to the Jordan frame. These operations are based on the requirement of the inequalities,
given by

d

d—(b # 0 (Jordam to Einstein frame), (1a)
Y

de . .

b # 0 (Einstein to Jordam frame), (1b)

which are related to each other. Note that the non-zero values of the derivatives should
also be finite. We call (1a) as the derivative constraints. In practice, one often study the
ST theories in the Einstein frame even though most of them do not perceive the inverse
problem of the solution in the Jordan frame. In other words, they do not consider the
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possibility that their results may not be able to be transformed back into the Jordan frame.
Since the Jordan frame is assumed to be the physical frame, those fields in this case do
not bear any physical meanings. It is one of the purposes of the present work to give an
essential criterion to see if a solution in the Einstein frame can uniquely correspond to a
Jordan one. It will be shown that (1a) leads to the required condition.

(b) The coefficient of the kinetic term of ¢ determines the value of dg/d¢ through the Weyl
transformation. However, the sign of the differential relation dy/d¢ can be either ‘+’
or ‘—’, which has been mentioned in [13] but without further discussions therein, while
many just consider the positive sign as in [7, 14, 15]. Therefore, starting from a given ST
model in the Einstein frame, it usually corresponds to two different models in the Jordan
(physical) frame. We will give an example on this issue. In addition, the condition that
the relation dp/d¢ is regular indicates that there is an irrelevant value of ¢ by which the
solution space of the scalar fields in the Einstein frame is divided into two branches [16].
Conversely, the value of ¢ can restrict the choice of the sign of the relation d¢/d¢ in some
cases. As a result, it arises the uniqueness problem of a model in the Jordan frame.

In this study, we explore the ST theory in the Jordan and Einstein frames by examining
the relations between them. In particular, we would like to find out the possible constraints
on the theory by requiring the one-to-one correspondence for the physical quantities after the
conformal transformation between the two frames.

The paper is organized as follows. In section 2, we first write down the ST action. We
then display the transformation between the Jordan and Einstein frames and demonstrate that
there is a constraint on the scalar transformation. In section 3, we take two specific models as
examples to illustrate how the constraint manifest itself as a criterion to check if the solution
in the Einstein frame is viable or not. We present our conclusions in section 4.

2. Scalar-tensor theories

2.1. Conformal frame freedom

A general action of the ST theory with a dimensionless single scalar field can be written as’

S= [ dx % (F@R — B()g" 0,60,¢ — U(P)) + Sultm, €7 Vg1,

2

where g and R associated with g, respectively stand for the determinant and Riemann scalar
curvature, F(¢), B(¢), U(¢) and ~(¢) represent functions of ¢ and v, denotes the non-
gravitational fields. We note that F(¢) > 0 in the Jordan frame. The corresponding equations
of motion for g, and ¢ are

Ry = ; {SWG (Tuu - lgu”T) * lguvU+ B0.¢0.9|, (3a)
F 2 2
and
06 = 55 [—F4R + Uy — By 8" 0,00,¢ — 161GaT], (3b)

7The metric signature is (— 4+ ++), while the Riemann tensor is given in terms of the Christoffel symbol by
R =18 — T + 16,175, =T, 175,
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respectively, where the subscript ¢ denotes the partial derivative with respect to ¢. Here, we
have used the relation

5Sm -—
% = gaT “)
where

=Yg, 5)

and T:= g""T,,, with the stress energy tensor, given by

T -2 48,
S \/__gég;w'

This form of the action is unchanged under a group of field redefinitions through a Weyl
transformation. Specifically, with the new metric gj,, and scalar field ¢, defined by

= &(p), (7a)

(6)

S = E2F(®(¢))gzy, (7b)

along with the coupling function I" and necessary condition (1a), the action (1b) has the same
form up to a boundary term [17, 18], i.e.,

S = / d*x Y5 (F ()R — B*(0)g"" 0,000 — U () + Sultbm, e Pgr, 1,

167G
(3)
through the definition of
d
" (B—6FT2 — 6F¢F¢)1/2—¢ = +VB". )

de
The equation (9) yields that

—2I" 3%
do _ 4 ¢ 28 , (10)
d(p B—6FF¢—6F¢F¢

which should be non-zero and finite. Here, the transformed functions of F*(p), B*(y), U*(¢)
and 7v*(y) are given by

F*(p) = 2" F (¢()), (11a)

B (p) = "D (0) (B () — 6 F (¢(9)) 7, (3(0)) — 6 F (¢(0) T (6(0))) »

(11b)
U*(p) = MU (¢(p)), (11c)
Y(p) = 7 (9() + T (¢(0)). (11d)

respectively. Two special frames of the action often used in the literature are:

4
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The Jordan frame, which is characterized by v = 0 in (2). In this frame, matter obeys the
weak equivalent principle (WEP) [6, 7, 19], meaning that freely falling objects follow the
geodesics of the Jordan frame metric [14]. But the shortcuts of this frame violates the energy
conditions. However, it is not a negative kinetic energy to be problematic, but an energy that
is unbounded from below. For instance, although a negative energy is usually associated with
the instability and runaway solution, the Minkowski space is stable against inhomogeneous
perturbations in ST [20]. Furthermore, a positive energy theorem has been shown to hold for a
special ST theory in the Jordan frame [21]. We regard the Jordan frame as the physical frame
in this work.

The Einstein f rame, which is characterized by F* = 1, 5* = constant and v* # 0 in (8). By
contrast to the Jordan one, the energy conditions are satisfied in this frame, whereas the WEP
is violated [22].

2.2. Transformation between the Jordan and Einstein frames
In the Jordan frame, B(¢) = w(¢)/¢ and v(¢) = 0 in (2), the action is given by

s— [ d*x 16\/;_é W;¢)g#uaﬂ¢ay¢ _ U((b)) + Sultom, gl (12)

(F (PR —
This action can be cast into a conformal frame by a Weyl transformation

gu = AX()g}, (13)

where A(¢) = e'? is the coupling function. We can now rewrite action (12) as

S = / d*x 1V 6;’2 <R* —60%(In A) — 6" (—1)*9,(In A)J,(In A)
- %Azg*“”amayqs - A4U(¢)) + Sulthm. A8}, 1, (14)

where we have used the relation of FA?> = 1 to obtain the action in the Einstein frame.
Consequently, by using

1
du(In A) = —ﬁaﬁm, (15)

we can simplify (14) to

£/ — 9% ?)FzJ w .
$= ] Yerg [R* o (4F3 , W) 00,6 = AU@)| + Sultin. A’}

(16)

up to a divergence term of 6[1*(In A~ "). Through the redefinition of the scalar field with

d 3F?
. e Y (17
do AF?2 " 20F

we can obtain the derivative of the canonical field p = ¢(¢) in the Einstein frame. The
equation (17) is important and should satisfy the derivative constraints in (1a). It will be shown

5
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that the sign can determine the range of ¢ in particular models in section 3. As a result, (16)
reads as

S = / d'x Y 6;gG (R = 28", 00,0 — 4 V() + Sultbs A€, 1,  (18)

where V() := A*U(¢) /4. Obviously, the matter fields couple non-minimally to the scalar field
through A(¢) in (18).

By variating (18) with respect to g
and scalar fields to be

* and ¢, we derive the equations of motion of the tensor

* 1 k Kk *
R;, = 87G (TZV — ET gw,) + 20,00, +2Vg},, (19a)
dv
0" = —4rGa(p)T* + o (19b)

respectively, where a((p) is a function of ¢ in the Einstein frame, defined by

dinA  F,do 0
dp  2Fdy’

alp) =

which is closely related to the derivative constraints. It can be checked that the equations of
motion can be read by substituting F = 1, B =2, ¢ = ¢ and U = 4V as well as 7 = In A into
(3a), (3b) and (5).

Clearly, it is non-trivial that the equations of (11c) derived by variating (18) with g**” and ¢
in the Einstein frame are equivalent to those from the variations of the action (12) with respect
to g"” and ¢ in the Jordan frame. From the inverse function theorem, ¢(p) exists as long as
(17) never vanishes, i.e., the derivative constraints. Hence, the solution to the scalar equation
in the Einstein frame must satisfy (1a). Otherwise, it is not a solution to the scalar equation in
the Jordan frame, which is identified as the physical equation of motion.

There is another way to understand the derivative constraints. It is clear that U(¢) is a phys-
ical potential as it is defined in the Jordan frame, whereas V() is an auxiliary one. In general,
if there is a potential V(¢) in the Einstein frame, one cannot claim that a solution ¢ of (19b)
is physical unless U(¢) = 4A~*(¢)V(w(¢)) exists and is unique. It is apparent that V can be a
function of ¢ if and only if ¢ is that of ¢. As a result, the derivative constraints should hold.

From the derivative constraints, we can further show that

do de

d¢>0 or d¢<0’ (21)
representing the choice of the sign in the RHS of (17), which cannot cross the critical value
of dp/d¢ = 0 during the evolution of the scalar field [23]. Moreover, to bear the one-to-one
correspondence between F and ¢, Fy must be non-vanishing, so that the sign of F cannot
flip either. Under the condition of F; # 0, the action (12) can be rewritten into that in the
Brans—Dicke—Bergmann—Wagoner (BDBW) theory [24].

2.8. PPN parameters in scalar-tensor theories

As discussed in the literature [18, 23, 25-27], the deviation from GR for a ST theory in the
parameterized post-Newtonian (PPN) regime can be expressed in terms of the asymptotic value
of « at spatial infinity as well as its successive derivatives.

6
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At the first order of PPN, it has been shown that the coupling function is sufficient to be
determined by the osculating approximation [13]

1
In A = aolp = po) + 5 oy — ©o)* (22)

and
a = ag + Boly — ¢o) (23)

where (¢ is the asymptotic value of ¢ at spatial infinity and « and (3 are constants, defined
as

o = (o), (24a)

d
By = d—“(wo). (24b)
P

Classically, for the massive scalar field, o should be determined by the ground state of ¢,
i.e., the global minimum of the potential V(y), which satisfies

lim — =0 (25)
=00 dg o=
and
d’v
lim ) > 0. (26)
r—oo dep =00

It turns out that if one expresses the potential in terms of the Taylor expansion around ¢ =
o, the coefficient of the linear term should vanish. To obtain the ground state naturally, it is
convenient to consider a shifted field of

© = — o, (27)
which simplifies (22) to be

1
In A= apy + Eﬂwlz' (28)
Subsequently, we obtain
In F = 2009 — Bog’? (29)

through the help of the relation FA> = 1. Note that a(p) = 0 with ap = Sy = 0 leads to the
result in GR with the coupling function A being identically unit, implying that the scalar field
couples to the Riemann curvature minimally in the Jordan frame. Consequently, the potential
becomes a Taylor series of ¢’ at ¢’ = 0 without the linear term, given by

1 d*v

12
S| ¢ (30)
20dg”? |,

V(o) = Vo +
where Vi :=V(yp) is the minimum of the potential V, which gives no contribution to the
equation of motion of ¢’

Furthermore, as a radiative coordinate [10, 29] can be constructed in the Einstein frame
with the metric to be the Minkowski one asymptotically, one finds that g, (r — oo) ~ A%nw

7
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with A :=A(pp) in the Jordan frame. Within the conditions (25) and (26), the ground state of
the potential leads to ¢ — @o(¢" — 0) asymptotically, resulting in

Ap =1 (€1))

As a result, (22) can be used to make sure that the Jordan frame metric g,, ~ 7, is
asymptotically flat.

By following the discussions in references [15, 27, 28], vy (Bo) is positive (negative) to
derive the phenomena of the spontaneous scalarization. The non-vanishing property of (1a)
implies that the parameter of « in (20) can never be zero, i.e., the a-constraint with

a #0, (32)
which indicates that there exists an unacceptable critical value for ¢', denoted as

=——, 33
Pe %o (33)
since this value leads to a = 0 from (23). Clearly, the derivative constraints in (la) are

equivalent to the a-constraint in (32). Therefore, the forbidden value of ¢ is

Ye = @, + 0. (34)

This illustrates that the solution space of the scalar field ¢ in the Einstein frame is divided into
two branches by the value of ..

3. Constraints on specific models

In a specific model, the condition (1a) would manifest itself as a critical value (.. We will show
that the scalar field can be nowhere equal to ¢, as it cannot be a solution to the scalar equation in
the Jordan frame. Hence, the solution space of the scalar field in the Einstein frame is separated
by ¢, into two pieces. Moreover, in the PPN regime, we demonstrate that this critical value is
determined by the coefficients of the coupling function (22). In this section, we will take the
general Jordan frame with the action (12) and BDBW theories as two examples for discussions.
In particular, we concentrate on the potential in the Einstein frame with the form of

Vip) = m*¢?, (35)

which has the minimum of Vy = 0 at ¢y = 0. Hereafter, we drop out the superscript of prime
on ¢’ for simplicity due to ¢’ = ¢. As a result, the parabola of (29) is shown as figure 1.

3.1. General Jordan frame action

From (29) with oy = 0, we get that

\/04(2)—6() In F
SR A — (36)

Bo

With the two signs in (36), there are different relations for ¢(¢) or ¢(y), resulting in different
possible potentials of U(¢). Therefore, a given model in the Einstein frame may correspond to
two models in the Jordan frame.

Moreover, the sign in (36) is associated with the behavior of ¢. We consider two situations:
(a) ¢ is not always positive and (b)  is always positive.

¥ = $c

8
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InF _«
$0
A
dF dF
—<0 —>0
do do

> @

Figure 1. The parabola reveals the relation between In F and ¢, where the dashed line
represents the forbidden value ¢ for ¢. Particularly, we have F = ¢ for the BDBW
theory.

For (a), like all the solutions in [15], oscillating across ¢ = 0, we should choose the ‘+’
sign in (36), providing that ¢ < ¢.® Therefore, once the sign in (36) is determined, the other
branch of the solution space represented by ¢ > ¢, should collapse, so that ¢, can be viewed
as a ceiling of . In addition, we note that the collapsed region of ¢ > ¢, is independent of
the potential. Any value of ¢ exceeding this ceiling is not viable as it is not a solution to the
scalar equation in the Jordan frame associated with the current Einstein frame. For example, the
evolution of the scalar field in the Einstein frame during the process of the supernovae explosion
has been investigated in [15]. The solution labeled by oy = 10~* violates this constraint as
illustrated in figure 2.

Although the solution space is constrained by ¢ < ¢., we still cannot specify a unique
model in the Jordan frame due to the lack of the information about F; to determine the form
of the relation ¢(yp). However, we can constrain « to be positive as ¢ < ¢, which gives rise
to

F¢% <0 (37)

de

due to (20). Clearly, the positivity of F, implies that the sign of (17) should be minus and
vice versa. Furthermore, we have two models in the Jordan frame based on the ‘£’ signs of
Fy4, within ¢ < .. For (b), there are two cases. The first one corresponds to the ‘—’ sign in
(36) with ¢ > (. Similar to the argument above, there exists two models in the Jordan frame
related to the sign of F. In this case with the equivalence of o < 0, we have the relation

F¢% > 0. (38)

de

By contrast, the case for the ‘4’ sign requires 0 < ¢ < ¢.. The solution space is bounded,
which is the most restrictive one among the cases.

8If we choose the ‘—’ sign in (36), ¢ must be positive and greater than ¢, due to 8y < 0.

9



Class. Quantum Grav. 37 (2020) 115001 C-Q Geng et al

0.5
g
(]
il
(e] L - 4
= —a,=10"
X 0
%; — — irrelevant line
= 5t B
2+ -
25 1 1 1 1 1
0 0.5 1 1.5 2 25 3
Time(sec)

Figure 2. Waveforms of the scalar field, extracted at 7o, = 5 x 10° cm away from the
supernovae core in the simulation of [15], where the solid line represents that with ap =
10~*in figure 1 of [15] and the dashed horizontal line corresponds to the critical value
of p. =5 x 107°.

By differentiating both sides of (36) with respect to ¢, one gets an additional equation

do FF (39)
4o 2p\ /a2 — Boln F

which suggests that F,; determines the sign of dp/d¢ since F > 0. We note that the sign in
(53) is opposite to the one chosen in (36). The requirement of In F > a3 /3, to prevent o from
being imaginary is fulfilled because (29) has minimum o3 /3, at the forbidden point ., which
can easily be checked from figure 1. One can see that the discussions of the sign problem of
F4 above are consistent with the sign in (53) .

3.2. Brans—-Dicke—-Bergmann—-Wagoner theory

Another example is the BDBW theory with F' = ¢ in the action (12), particularly given by

R ~ w(9)
S = dx167rG (gbR "

80,00, — U(¢>> + Sultm g1 (40)

It can be found that the sign of dy/d¢ can totally be determined through « due to Fy = 1.
In this subsection, we will transform the potential defined in the Einstein frame back into the
Jordan one and discuss the ambiguity arising from this transformation. In this specific case,
since F(¢) = A~% is simply ¢, we have

p=A">0, (41)

10
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leading to

In ¢ = —2a0 — Boy?, (42)

which is also illustrated in figure 1.
From figure 1, it is easy to see that the condition (1a) is equivalent to ¢ # ¢.. As a result,
one finds that (23) can never be zero. Consequently, (20) reads as

__1do
o= 20 dy (43)

From (57), we obtain the inequality by (55)

a—t = —— <. (44)

As mentioned early that de/d¢ is either positive or negative, the valid value of ¢ can fix the
sign in (17) as follows. For ¢ > ., we have v < 0, so that one has

dp  V3+2w 5)
dp  2¢

by (58). Similarly, the redefinition of the scalar fields leads to
d V342
dp _ votaw (46)
do 2¢

for ¢ < ..
In the limit of the BD theory, w in (54) is constant, i.e., w(¢) = wpp. Consequently, the
equation in (57) reveals that

1
a—a0+5090—:|:\/m (47)
where the minus (plus) case corresponds to the branch of ¢ > ¢. (¢ < ¢.). Since the right-
hand side of (61) is constant, we have two possibilities: (i) Bp = 0 and (ii) ¢ is almost a
constant. Due to the negativity of 3y in this paper, the solution is restricted to the second one.

It is interesting to note that wgp — 0o is a critical value, equivalent to ¢ = . due to = 0.
Even though this case is consistent with those in the literature and in turn reproduces the results
in GR in the sense that all its predictions become indistinguishable from GR in the Jordan
frame [30], it cannot be transformed to the Einstein f rame due to the violation of the derivative
constraints and a-constraint. Therefore, the case of the infinite wpp is improper to be discussed
in the Einstein frame, which shows the inequivalence between the two frames.

We again note that the critical value of . is so generic that the results of all the simulations
should obey the criterion ¢ # .. For instance, it has been concentrated on the BDBW theory
to investigate the dynamical scalarization of the neutron star binaries in ST in [31]. The critical
value for the scalar field in their setting is . = 0, and the results therein do all satisfy this
criterion, i.e., no crossing the line of ¢ = 0.

Starting from (56) in the BDBW theory, we get

\/ g — Boln ¢
+ .

—pe Y 48
Y= 7o (48)

1
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Since U = 4VA™* = 4m>p?¢? as defined in (18), we recover the potential U in the Jordan
frame, given by

U(¢) = 4m* By (Zaé — Bo In ¢ F 201/ o — Boln ¢>> ¢* (49)

U(p) = 4m2<,02 exp (74040@ — 2[30902) , (50)

and

in terms of ¢ and ¢, respectively, indicating two different potentials in the Jordan frame, which
depend on the branches of the scalar field in the Einstein frame, i.e., the sign chosen in (62).
For the case of the action (12) in section 3.1, one cannot consider only the ‘+’ sign in (17),
which is equivalent to choose one model from two prospective ones.

In addition, the undetermined signs in (62) can be eliminated by considering the function of
(¢ — ¢¢)?. Hence, the solution space has an Z, symmetry with respect to .. In other words,
the model in the Jordan frame, which is responsible for the given model in the Einstein frame,
remains the same under the transformation ¢ — ¢, > —(¢ — ). We can shift p to p = ¢ —
©., resulting in that the existence of the Z, symmetry is characterized by an even potential
U(p) of ¢. The potential (64), which can be rewritten as

U(@) = 4m*(@ + ¢c)* exp [—280 (¢* — ¢2)] (51)

is not a even function of ¢ apparently. As a result, the one to one correspondence between
models in both frames holds strictly. In general, it is hard to have the same symmetry of Z, at
. for U(yp). Particularly, the direct effect of the Z, symmetry at ¢, for the potential is that the
model in the Einstein frame is associated with a unique model in the Jordan frame.

4. Conclusions

In order to use the formulation of the ST theories in the Einstein frame, we have investigated
the redefinition of the scalar. We have found that the regularity of such redefinition (17), which
comes from the requirement d/d¢ # 0 and has been shown to be equivalent to the condition
a # 0, gives an irrelevant value ¢, of the scalar field in the Einstein frame. The value of
separates the solution space of the scalar field into two viable regions. Any scalar field in the
Einstein frame, which crosses the irrelevant value, cannot be the solution in the Jordan frame.

The two signs in (17) result in two different models in the Jordan frame. In some special
cases, such as that in the BDBW theory without a potential, these two models in the Jordan
frame coincide with each other. In general, the sign of (17) can be obtained by F;, and ¢. For
the case with one branch of the solution space collapsed, the sign of (17) can be fixed by the
sign of F, alone. In such a case, it is the ambiguity of the sign of F, that gives rise to two
prospective models in the Jordan frame. On the other hand, in some models with F;, being
constant, such as the BDBW theory, the sign of (17) is fully determined by the branch of the
scalar fields. If we consider the asymptotic value ¢ # 0, (36) should be modified as

wlaéfﬂo In F
+ .

© — o = ¢, R (52)

Together with (34), one can also conclude that if the potential U(¢) in the Jordan frame is an
even function with respect to the value of ¢ = ¢, the correspondence between the models in
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two frames is one to one. Hence, by satisfying the a-constraint in (32) the results in the Einstein
frame can be well-defined under this condition.

We have demonstrated that the critical value ¢, provides a viable constraint on the formu-
lation of the ST theories in the Einstein frame, which is even independent of the form of the
potential. Clearly, all the numerical results must obey the criterion of no crossing the line of
the critical value. Otherwise, they will not have any physical meaning in the Einstein frame. In
addition, we have also shown that the case of the infinite wpp in the BD theory in the Einstein
frame is irrelevant due to the violation of the derivative constraints and «-constraint.

Furthermore, for the case without a potential, two branches of the solution space of the
scalar field in the Einstein frame correspond to the same model in the Jordan one. However,
the solution branch of ¢ should be specified because the c-constraint is strict with the behavior
of ¢ during the evolution in the Einstein frame.

Finally, we conclude that the critical value (. induced from the a-constraint or derivative
constraints and the sign determination in (17) are two important issues to study the ST theory
in the Einstein frame.
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